SY) 
U 
i 
Vv 
dun 
A) 
en 
LA 
Oc 
he 
Oo 
Li. 


NOT TO BE TAKEN FROM THIS ROOM 


For Reference 


NOT TO BE TAKEN FROM THIS ROOM 


ss IIBRIS 
NIVERSUTATIS 
i RCAENSIS 


UNIVERSITY OF ALBERTA 
LIBRARY 


Regulations Regarding Theses and Dissertations 
eS NG VISSET TATIONS 


Typescript copies of theses and dissertations for Mastcr's and Doctor's 
degrees deposited in the University of Alberta Library, as the official Copy of 
the Faculty of Graduate Studies, may be consulted in the Reference Reading Room 
only. 


A second copy is on deposit in the Department under whose supervision the 
work was done. Some Departments are willing to loan their copy to libraries, 
through the inter-library loan service of the University of Alberta Library. 


These theses and dissertations are to be used only with due regard to the 
rights of the author. Written permission of the author and of the Department 
must be obtained through the University of Alberta Library when extended passages 
are copied. When permission has been granted, acknowledgement must appear in the 
published work, 


This thesis or dissertation has been used in accordance with the above 
regulations by the persons listed below. ‘The borrowing library is obligated to 
secure the signature of each user. 


Please sign below: 


Date Signature Institution 
ee ne SE I rh nh ee aa ALR TELS 


A GENERALIZATION OF WATSON'S LEMMA 


by 


RODERICK S.C. WONG 


A THESIS 
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES 
IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR 


THE DEGREE OF DOCTOR OF PHILOSOPHY 


DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF ALBERTA 


EDMONTON, ALBERTA 


FALL, 1969 


AMMSLI 2'Moe2TAW FO AOTTAST IAAIUSD ‘ee - 
xd | “; Aen 


OMOW .9.2 HOLMGOA 


4 


fi 


a A ~ 
2arquT2 ATAUGAAO FO. PRIVAT ‘@HT OT earreue 
ROY 2TMSMAATUOAA ABT FO TUAMITTIUT sartass ur 


-YHSOS0ITHI TO AOTOOd = sasoad cot ane f 


20ITAMIHTAM FO Tena ah) a 


ATAHEIA 30 Sisal : a i 


cs 


cf 4 
Anastacia + HoTKO da , ae of | 


in cored 
: 


UNIVERSITY OF ALBERTA 


FACULTY OF GRADUATE STUDIES 


The undersigned certify that they have read, and recommend 
to the Faculty of Graduate Studies for acceptance, a thesis entitled 
"A Generalization of Watson's Lemma", submitted by Roderick Sue-Cheun 
Wong, in partial fulfilment of the requirements for the degree of 


Doctor of Philosophy. 


ATHVGIA TO YTLSATVINY 


‘ 


QaTquTe ATAUGAAD IO YTAVOAT 


mmooey bas ,beor eval yedd deda ¥ylbswes boagtexebay sdT a 
thine elesi2 = ,99n83q9908 tot eatbus2 otaubaxd io yilusst sit of 
2-902 Aotrebot yd bs 33 tmdua o"smme.] a'ndstal to ‘mot sesi lezen) a” 


te saxgsb of x01 osaeman ups odd to tnasaittin? Ietoxeq at .gn0W 


= _ydqonoLhdt to is 


ABSTRACT 


In this thesis we study the classical problem of determining 


the asymptotic behavior of a function F(z) defined by 
F(z) = [ g(w)exp[-z¢(w)]dw , 
F 


where IT is a continuous curve which may be finite or infinite in 
length. Although an alternative procedure is illustrated in The Method 
of Darboux (Chapter VII), it is generally true throughout the thesis 
that the use of the substitution t = ¢(w) is envisaged, and F(z) 


will have a canonical representation of the form 


F(z) = [ £(t)exp(-zt)dt , 
ie 
where 
£(t) = gw) &, 


and [' is the image of [ in the complex t-plane. 


In the classical situations considered by Barnes [2] and 
Watson [21], the success of finding the asymptotic behavior of a Laplace 
integral f£(t)exp(-zt)dt depends on f(t) having at most a branch- 
point BP sei ty at t =o of the form eee In this thesis, we 
study a situation in which f(t) has a singularity at t =o which is 


of the form Eos" flog be Although some work along these lines has 


already been accomplished by Erdélyi [8], our proofs differ from those 
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used by Erdélyi and the results of the present thesis are more extensive 


than the results contained in the paper mentioned above. 


As a justification for our study of logarithmic singularities, 
we find the complete asymptotic expansion of u(z,8,a), a result which, 


as far as we are aware, has not yet been obtained. 
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CHAPTER I 


Watson's Lemma 


For many years, the study of the analytical properties of 


functions, F(z), with integral representations of the form 


(1.01) F(z) = { £(t) exp (-z $(t))dt, z a complex variable, 
r 


has been one of major mathematical interest. The path of integration, 
[, is normally taken to be a continuous curve in the complete complex 
t-plane, and [ may or may not be a closed curve. In spite of the 
extremely restricted form which the integrand of (1.1) is assumed to 
have, the extent of the class of functions so defined is sufficiently 
large to embrace many of the higher transcendental functions of major 
importance in modern science. The following table illustrates some 

of the specific functions and classes of functions which have such an 


integral representation. 


Obtaining information concerning the behavior of a function 
F(z) within a neighborhood of some fixed point z = zy is of interest 
to, and indeed in one way or another seems to encompass, most parts 
of classical analysis. The limit process, the Landau order relations 
0 and o, convergent expansions of various types, and some types of 
divergent expansions, all were designed to give information of the 
type described above. There is, however, considerable difference in 


the detailed information sought and obtained by using these different 
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procedures. Information of this type is called asymptotic information. 


Although the situation in which the fixed point Zo is a 
finite point in the complex z-plane is of considerable interest, most 
asymptotic results are stated in a canonical form by taking z, to be 
the point at infinity. A particular neighborhood system, U(z, R, a, 8), 


defined as the point set for which 
gga dy, a <arg*s © p% fe| Teen: , a, 8 and R>o real numbers 


plays an important role in deriving asymptotic information. Unless 
otherwise stated, a and 8 remain fixed during a discussion. Different 
members of the set of neighborhoods are obtained by choosing different 


values of R. 


In particular, the Landau order relations are defined as follows: 


(a) The notation F(z) = 0(G(z)), as z-+%, implies the existence of 
a fixed constant K such that |F(z)| < K |G(z)| for every z in 
some neighborhood U(z, R, a, 8). 

(b) The notation F(z) = o(G(z)), as z+ e, implies that for every 
choice of fixed e¢ > 0, there exists a neighborhood UleerRte). ae BD 


such that |F(z)| < e|G(z)| for every z in U(z, Re), a, 8B). 


To illustrate the type of problems that will be considered in 
the present thesis, suppose that F(z) is defined by a convergent Laplace 


integral 


(1.3) F(z). J f(t) exp (-zt)dt, |arg z | Se a A, A fixed and positive. 
° 


Further, it is assumed that f(t) has a convergent expansion of the form 
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(1.4) f(t) = > bo t - r fixed and positive, 
n=1 


which can be integrated term-by-term to yield a convergent series 


representation of F(z) of the form 
(15) F(z) = ) az 7 


= 
where 3945 be L(ner~.)., -.and each by is a fixed complex number. 


The power series nature of (1.5) implies that for every fixed 


‘teger~ Nis "oO; 


(1.6) F(z) = } a2 +o(z “), as z>@ in jargz|<>-a. 
n=1 


Clearly, (1.6) gives very detailed information of the behavior of F(z) in 
neighborhoods of the point at infinity. Poincaré made the observation 

that this information depends only on the result contained in (1.6), and 

is independent of the assumptions and the procedure by means of which (1.6) 


was obtained. Indeed, the validity of (1.6) does not imply the convergence 


of the series in (1.5). The introduction of powers of z is no more 
general than the situation in which r= 1, and only powers of 2 > are 
considered. One can be obtained from the other by a simple substitution 


of variables. With this in mind the Poincaré definition of an asymptotic 


expansion is formulated as follows: 


Poincaré's Definition of an Asymptotic Expansion. 


co 
; —n : ‘ 
A formal power series, } a Zz, convergent or divergent, is 


called an asymptotic expansion of a function F(z) if, for every fixed 


= : fA - 


on i 


T My: 3 or 
.&-—=> |s gts} at @ +s BE .f — ae a 


~ 


(sY% to xobvated sit io: ote beltsseb vm sorta OD 


pve ant sbhsm S1s59ab09 eoket it as intoq oh to 
ae oitee 


Saarenan ot 


) dotdw to ansom yd siubsse%q edt bas anotiqauees ect to 2 sbasqebat | o 
sgtevaeco sit ylqmt ton esob (8,£) to wibilev ods beabal 


“so ssovog 2o ossoubosagt odtt et to 
7 3 to exewog yao ‘bas bax soles ms onset, ie - 


ws ,(O.L) at bonte+nos ifvear ads ne yfso ebueqeb 


= 


yiom on et 


ioljuzisedve slqmte 5 yd xSdto sat mor? benkatdo od ako “al 


ew ms to noltiakisb seuondeneuak ese | nk ere 
| te orate 


integer N>o, 
_ : ~(NE1 
(1.7) (ey f a 2 "+0 ), os ze 


The validity of (1.7) may be restricted to a sector a < arg z< ©, The 


notation used to indicate the validity of (1.7) is 


foe} 


(1.8) F(z) ~ } a Ze Pag Zt wo in Q Sarg 2-6 . 
n=o 
An important property of the Poincare asymptotic expansion is 
that the expansion, if it exists, is unique. The coefficients a, are 
determined by the recurrence relations: 
m-1 


, ; m -n 
(1.9) a, = lim tF(z), a lim z [F(z) - y a2 to 
2 > os Zr co n=o 


These formulae, coupled with the fact that lim z"[exp(-b|z|?)] = 0, 


yl 


for every non-negative integer m, and all fixed, positive, numbers b 
and p, imply that every function g(z), satisfying g(z) = O(exp(-b|z|P)), 


as z>o in a < arg z< 8, has the unique asymptotic expansion 

(I. 10) States UO, seca, 22. 1 1s Bleach Bs 

In turn, it will be true, that two functions F(z) and G(z) such that 
(1.11) F(z) = G(z) + g(z), 

g(z) as above, will have the same asymptotic expansion. 


Functions satisfying the order relation g(z) = O(exp(-b|z|P)), 


as z>e in a < arg z < 8 are said to be exponentially small, and it 
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is usual to replace such functions by zero at any stage in a proof being 


used to establish the validity of Poincare asymptotic expansion. 


Within the framework provided by Poincare, the determination 
of the asymptotic behavior of functions defined by (1.1) has been the 
object of intensive study. Among the many results now known, one due to 
G.N. Watson [21] is of major importance. In order to provide a basis for 
a generalization of the result due to Watson, now known as Watson's Lemma, 


his statement and proof of the result are reproduced below. 


Watson's Lemma. 


If (i) £(t) is analytic when |t| < a+ 6, where a>o, 


6 > 0, except at a branch-point at the origin, and 


(1.12) Blt ew Pe aut 

m=1 
when |t| < a, r being positive; (ii) |£(t)| < K at. where K_ and 
b are independent of t, when t is positive and t > a; 


(i441) |arg z| Se A, where A> oo; and (iv) |z| is sufficiently 


large: then there exists a complete asymptotic expansion given by the 


formula 

co co _ Ls 

r 

(1.13) F(z) = [ £(t) exp(-zt)dt~ J a rz °. 

fo) m=1 
Proof: If M is any fixed integer, we have 

M 
M-1 ee" = oe uf 
CLsi4) int) =— } at | < K, t exp (bt) 
aie 


throughout the range of integration, where Ky is some number independent 
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Hence 
02 M-1 © *-1 
(1.15) f £(t)exp(-zt)dt = J f at’ — exp(-zt)dt + ge 
Oo m=O oO 
where 
co M - 1 
(1.16) IRyl << {K, t" — exp(bt) |exp(-zt) |dt 


oO 


KI 


< K, T@) {Re(z) - db} *, 


provided that Re z> b, which is the case when |z| is sufficiently 
-1 

large; and since {Re(z) - b} ~ = oc) for the range of values of z 

under consideration, we have 


fos) M-1 Bey ce! 
i 5 


(1547) fot(texp(-zt)dt = ) a Te z *4+0(2 *%), 
o) m=1 ™ 


and so the integral possesses the complete asymptotic expansion, which 


is of Poincaré's type. 


In attempting to generalize Watson's Lemma it is important to 
separate the necessary and sufficient conditions which he uses from those 
that are only sufficient. It is known [7] that a necessary and sufficient 
condition for a Laplace integral to converge is that fixed real numbers 
K and o must exist for which 

t 
1518) f f (u)du| < K exp(ct), i>. 8 
fe) 


and the integral will then converge when Re z>o>o. If the integral in 
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is convergent, then integration by parts gives 


co 


c 
(1.20) F(z) =z f £(t) exp(-zt)dt, f(t) = { g(u)du , 
fe) fe) 


and therefore |f(t)| < K exp(ot), t > 0. Although this condition on 

f(t) does not imply that the same condition is satisfied by g(t) in 

(1.19), the integral representation of (1.20) can be considered as a 
canonical form for (1.19). For this reason, the condition |£(t) | < K exp(oct), 
which is assumed by Watson, is actually implied, for the canonical form 

(1.20), by the convergence of the integral. In its canonical form, there 

is of course no hope that this condition can be either weakened or 


generalized. 


Since the translation t = t' +A _ places 


co 


Crs21) F(z, A) = J g(t) exp(-zt)dt 
A 


into the form 


co 


fi.2e) F(z, A) = exp(-zA) J g(t + A) exp(-zt)dt , 
fe) 


it is clear that for every fixed A > 0, the convergence of Cis2a) 168 


sufficient to ensure that 
e TT 
€iw23) F(z, A) = O(exp(-zA)), as z*>©¢ in |arg z | ETA ee. 


and, therefore, F(z, A) is, under these conditions, exponentially small. 


Since 


A co 
J g(t) exp(-zt)dt + f g(t) exp(-zt)dt 
(0) A 


(1.24) » F(2) 


A 
{ g(t) exp(-zt)dt + O(exp(-zA)), as z7® in |arg z| 
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one can and must obtain the desired asymptotic information about F(z), 


A 
up to the order of terms that are exponentially small, from J g(t)exp(-zt)dt. 


It is this property of Laplace integrals that enables one to oe that 

the detailed asymptotic behavior of F(z) must be determined by the 
behavior of g(t) in an infinitesimal interval o < t < A. Watson has 
obtained this behavior when g(t) has a singularity at t =o of 
branch-point type. Although it is possible to obtain worthwhile generaliza- 
tions of Watson's Lemma for branch-point singularities, the major areas in 
which new results now lie are in investigations in which the nature of 

the singularity differs from the one used in Watson's Lemma. In the 


present thesis, integrands with logarithmic singularities will receive 


detailed study. 


An examination of (1.23) suggests that the essential feature 
of the result could be preserved without requiring A to be fixed. It 
seems possible that a requirement like A > plefpos p fixed (0 < p< 1), 
b fixed and positive, may imply that F = O(exp(-e|z|?)), as z>o in 
|arg z | a A, for some fixed e¢ > o. Thus A might be a function of 
z with the property lim A= 0. The desired result is established in 


Zier 1 


the following lemma. 


Lemma 1.1. 


Consider 


co 
TT 


(1,25) F(z, A) = f f(t) exp(-zt)dt, |arg z | ee ho 
A 


1 TT 
where A = A(z) is positive for every finite z in U(z,°R, = > + A, > - A) 


for some fixed R, and A(z) is bounded in U. If 
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(i) lim |z] A(z) = 


Zz > © 


Cay £trj) <M et exp(ot), t> A, 
where M, o and \ are arbitrary fixed real numbers, then 
(1.26) [P(z, A)| = 0(A” exp(=ds)), as 2% © in JU. 
Proof: The assumptions imply 


Co Dia 
(1.27) lF(z, Ay] <M f t* > exp(ot) |exp(-zt) |dt. 
A 
By means of the substitution t = A(1+t') one obtains 


(1.28) |F(z,A)| < M A*|exp(-(2-o)A)|f (1 + t)*Jexp[-(z - o)At] |dt. 
oO 


iS a oe a Ya se ae eC Pe a 
A-1 : , A-] 
ql + £) <.exp(\t).in t > o. . In either case, (1 + t) < exp(|A|t). 
Hence 


(1.29) f[ (14t) + | exp(-(2-0) At) [dt < [ exp[-(Alz|sina - Ao - |A|)t]dt 
@) Oo 


1 
< 3]z] sin A - Ao - JA] bP wedi dé! > ©. 
because lim |z|A(z) = ~, A is bounded, and A, o and || are fixed 


a OO 
numbers. This, of course, implies the required result 


(1.30)  F(z,A) = o(A” exp(-zA)), as z>@ in larg z| < 2-4. 


iu: 
Zz 
A more general result than Lemma 1.1, with the exception that 


X is more restricted, is contained in Lemma 3.1, Erdelyi and Wyman [12]. 
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When A> o, A _ bounded immediately gives F(z,A) = o(exp(-zA)), 
and, as before, the condition A > bfz2{Pot will imply F(z,A) is 
exponentially small. On the other hand, \ <0 introduces a factor that 
is a fixed power of |z|, and hence, will not modify this particular 


result. This implies 
(1.31) F(z,A) = o(exp(-e|z|?)), ap 2°? Srints|are af 5 ~ideg 
as long as A is bounded and A > plz |Pot, 


It will be of later interest that the result contained in 


(1.31) does not require the convergence of 


GP33) F(z) = F(z,o) = { £(t) exp(-zt)dt. 

° 
The particular instance in which convergence may fail, A <0, will 
be of value when other paths of integration, which must of course 


avoid the point t =o, are considered. 


Having described or established some of the general properties 
of Laplace integrals, procedures will now be discussed by means of which 
the conditions of Watson's Lemma can be relaxed. Suppose, by means of 


Watson's Lemma, it is established that 


co 


(1.33) F(z) = { £(t) exp(-zt)dt 
1) 


has an asymptotic expansion of the form 


n 
(1.34) F(z) ~ } az vpgeattae © 12 larg z| oy A. 
n=1 
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Sometimes the expansion (1.34) might be valid even if z+ in a wider 
range of arg z than the one given above, and examples are known where 
z may be allowed to approach ~» in gq S arg z< 8, where 8B -a might 
be greater than 21. On the other hand, there may well be no relation 
between the asymptotic behavior of F(z) in the region |arg z | =) - A 
and in regions excluding larg Bh Sag - A. For example, 
(1.35) z/l +z = y Pe a a  y Petee ae 

n=o 
is a convergent expansion, which provides an asymptotic expansion as 
z> oe with arg z unrestricted. The function 2z(1 + Gis 751 +z has 
the following asymptotic representation: 


(1.36) z(1te *)/(1tz) ~ ) (-1I)"2™, z+ in larg z| <t ahs 
n=0 


(iva) a(lte )/(itz) ~ ea "[ F (-1)2 25), 246 in wi A < larg 2| <2 ams 
nh=o0 


The asymptotic behavior of z(1 + e “)/(1+2z) is quite different in 


the two sectors |arg z| — 4 and — A < larg 2| <3 os 


There exist quite powerful, but not necessarily infallible, 
methods by means of which the range of validity of an asymptotic expansion 
can be extended beyond that normally given by Watson's Lemma. Sometimes 
the integrand has sufficient regularity to allow a deformation of the 
path of integration to take place. Thus the same function F(z) may 
have the integral representation 

coe lY 


f £(t) exp(-zt)at Jarg(ze"")| < 2-0. 
1) 
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where, by analytic continuation, the choice of the real number y may 
be arbitrary within a certain interval. One might then use Watson's Lemma 


for (1.32) to retrieve the same asymptotic expansion 


(1.39) E(z) ~ ) a, 2 » as 2>o in larg(zer’) | <i- A. 
n=1 


If, for example, the choice of y is arbitrary in | y | < rot then the 
range of validity of (1.39) becomes larg z | < m- A, an extension of 
the range of validity of the expansion obtained, in the first instance, 
by the use of Watson's Lemma. An important situation in which this 
particular technique fails occurs when the path of integration is finite 
in length, say f(t) =0, t >a>o. Thus 


a 
(1.40) F(z) = { £(t) exp(-zt)dt. 
Oo 


It is interesting to note that while the integral in (1.40) may well 
converge for every finite z, and arg z umrestricted, the initial use 
TT 


of Watson's Lemma still imposes the condition z*@ in larg 2| ie eae 


for the validity of 


n 
(1.41) TE Ca ee OO Nas 
n=0o 
The substitution t =a-t' gives 
a 
(1.42) [exp(az)] F(z) = [f f(a - t) exp[-(-z)t]dt , 
Oo 


and a second use of Watson's Lemma would give, under the condition of 


that Lemma, that 
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the constants bo and r' of (1.43) need not bear any relation to the 
constants a and r in (1.41). When the exponential factor, exp(az), 
is taken into account, the asymptotic behavior of F(z) exhibited by 
(1.41) and (1.43) is quite different in the two different sectors 


|arg z | Soave A and |arg z | >eyet re 


Two important properties must be noted. The use of non-integral 
powers of z implies that the z-plane has been cut in a suitable manner 
to make z a single valued function, this cut normally being made from 
Zemeo, te, 2 = -~, with the implication that. -» < arg 2 <7. The 
asymptotic behaviors exhibited in (1.41) and (1.43) do not provide a 
complete description of the asymptotic behavior of F(z) as z+>o in 
the complete-cut-plane, -7 < arg z< 7. There exist gaps in the sectors 
which include arg z = + oes To overcome this deficiency, the following 
technique is often useful. The straight line path of integration 
joining t =o to t =a is deformed in an infinitesimal manner as 


described below: 


aes see a ale 


A 
Figure 1.1. Figure 1.2. 


One hopes that the integrand has sufficient regularity to allow 
a use of Cauchy's theorem to write 


A a 
J £(t)exp(-zt)dt + [ £(t)exp(-zt)dt 
fo) A 


(1.44) F(z) 


A a-A 
[ £(t)exp(-zt)dt + exp(-az){  f(a-t)exp(zt)dt. 
fe) fe) 
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The use of Watson's Lemma as illustrated for (1.38) would be expected to 


yield, for the situation in Figure 1.1, 


(1.45) F(z) ~ ) AL Ye + exp(-az) ) bez : 
n=l ”™ n=l ”™ 


n 
co ay se 
te 


Kn |p 


with the obvious meaning that, for every fixed integer N>o and M>o, 


eo _ (+1) n 
r ~ y! 


“et + O(z z ) + exp(-az) [ y be 
n 
n=1 n=1 


(1.46) F(z) = 


tmye 
i) 


re See 


and a range of validity provided by the intersection of 


(1.47) — |arg(z exp(id)) | <i-3 and |arg(-z exp(-iA)) | <3-3 : 
or 
_ She os me chotagyS nga, 
(1.48) 7 ~ 94 < arg z<a- 5A and MRA OES 8 “Ses Die 
or 
1 A 1 A 
(1.49) ee Fe Oe ee ge 


and one of the missing gaps has been covered. The validity in the 


remaining gap is obtained by the deformation indicated in Figure 1.2. 


Although the proof used establishes the validity of (1.46) in 


a very narrow interval of arg z, the actual validity is the complete- 


cut-complex z-plane, |arg z| < 7 - A. When larg z| Pees hue BLL OF 


- (N+ 
the terms in (1.46) involving the exponential factor are O(z CN 1)/x) 


as z>oe in |arg z| eral A, and therefore 
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(1.50) F(z) = } a2 * + O(z ( sd z+ in larg z| <>- 
n=1 ot 
or 
= _~ o 
(251) F(z) ~ h az ; 5 SB Ew Ty |arg z| < nin A, 
n=1 oe 


which is, of course, the correct result for the range of arg z given. 


os 
2 


_ ! 
exponential factor are 0O((exp(-az))z (M41) /x ), and therefore 


Similarly, for |arg z | >> + A, all of the terms not possessing the 


n 
Peas 
(1.52) F(z) ~ exp(-az) } bY zo" ,as z+ in larg z| > 
n=1 


T 


7 7+ A; 


which is again the correct asymptotic expansion for the indicated range 
of arg z. However, the proof of (1.45) was given for the missing gaps 


in arg z, and hence (1.45) is valid as z+ in |arg z| Som ik, 


The use of (1.45) to describe the asymptotic behavior of 
F(z) as z+ in |arg z| < 1- A gives the first indication that 
strict interpretation of the Poincaré framework is not sufficiently 
general to describe adequately the asymptotic behavior of relatively 
simple Laplace integrals. Although the modifications required to 
accommodate (1.45) are simple to make, the existence of (1.45) does 
indicate that it may be desirable to provide a much more general frame- 
work in which asymptotic theory may be discussed. Such a framework will 


be described in the next chapter. 


Before concluding the present chapter, it is desirable to call 
attention to some of the properties of the seemingly more general 


integral representation given in (1.1), 
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(1.53) F(z) = { £(t) exp(-z $(t))dt. 
t 


If one desires to use the Watson's Lemma technique on (1.53), an obvious 


substitution to try is 
(1.54) ¢(t) = w, with inverse t = t(w), 
resulting in 


f1.55) F(z) 


dt 
if f(t) ae exp (-zw) dw, 
I 


where [' is the image of [ in the w-plane. Let us suppose that [I 
begins at t = A andends at t = B. These points may be the same, 
making JT a closed curve, or one, or both, may be the point at infinity. 
It is assumed that $(t) has sufficient regularity to ensure that the 
image [' is a continuous curve in the w-plane, and f(t) will allow 
an integration by parts to take place. It is not assumed that = is 


continuous at every point of the path of integration. 


Integrating by parts gives 


w e w= (B) 
(1.56) F(z) = (f £(t)7— dw) exp (-zw) ] +z { o(w)exp(-zw) dw. 
(A) w= (A) ey 
B 
= (f £(t)dt) exp(-z o(B)) + z { o(w) exp(-zw)dw, 
A i 
where 
Ww dt Ie 
tleol) ow) =f £(t) G-dw= Jf £(t)dt. 
(A) A 


Hence the determination of the asymptotic behavior of F(z), given by 


(1.53), becomes equivalent to the determination of the asymptotic behavior 


of 
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(1.58) G(z) = fi O(w) exp(-zw)dw , 
rt 


an integral that at least has the Laplace form of integrand. For 
definiteness in description, let us assume Re o(B) > Re ¢(A). When 

$(w) has sufficient regularity to deform [' into the straight line 
joining w= 9(A) to w= $(B), then the Watson's Lemma procedure 

might apply. Although far from obvious at this time, the possibility that 
Re 9(B) = Re $(A) does not actually cause a major difficulty. In the 


situation described above, the translation w= t + o(A) gives 
>(B)-9 (A) 
(1.59) [exp (z $(A))] G(z) = f g(t) exp(-zt)dt , 
fo) 

and the precise form of a Laplace integral has been obtained. The 
general properties of these integrals tells us that, up to the order of 
exponentially small terms, one need only discuss the asymptotic behavior 
of 

E 
(1.60) G(z, E) = J g(t) exp(-zt)dt , 

Oo 
where |E| can be chosen to be positive, and arbitrarily small. This 
very important fact makes the procedure outlined considerably easier 
than one might have expected from the original form of the integral. Once 
the existence of Laplace form of integral is established, it is not 


necessary to exhibit the inversion involved in (1.54) 


(1.61) p(t) =w, t= t(w) , 


ic 
and the subsequent expression, (1.57), of J £(t)dt in terms of w, 
A 


at every point of the path of integration. These need only be exhibited in 
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an infinitesimal neighborhood. Since the Biirmann-Lagrange inversion 
formulae [4] were specifically designed to solve inversion problems of 
this type, it is fair to say that the technique described thus far 
provide a powerful tool which, under certain rather general conditions, 
will yield the asymptotic behavior of functions defined by generalized 
Laplace integrals of the type given in (1.53). In spite of this remark, 


the procedure does fail in certain important situations. 


When an attempt is made to perform the inversion of $(t) =w 
to t = t(w), it is not unusual to find that t = t(w) has one or more 
singularities. For the moment, it is sufficient to concentrate on the 
case when only one singularity is involved, and for simplicity, it will 
be assumed that a translation has been made so that the singularity is 
at the origin w =o. Further, it will be assumed that a cut along a 
straight line joining w=o0 to we ws (Re wes 0), will make t = t(w) 
single-valued along the path of integration ['. A possible situation 


is illustrated below. 


w-plane 
Figure 1.3. 
Although it may be possible to deform the contour into two 


straight lines, one on the top of the cut and the other on the bottom, 


it may be that the best that can be done is as illustrated below: 
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Figure 1.4. 


The deformation of [' shown in Figure 1.4 is the well-known 
loop path of integration, except that it is not necessary to assume the 
path of integration is infinite in length. Although the radius of the 
circle r can be taken to be fixed and arbitrarily small, the choice 


r =o may be forbidden because the integral involved 
(1.62) G(z) = | o(w) exp(-zw)dw 
L 


may fail to converge when the singularity at w =o is on the path of 
integration. In spite of this, the implication of the use of Lemma 1.1, 
would reduce the problem to the determination of the asymptotic behavior 
of 
(1.63) G(z, r) = f o(w) exp(-zw)dw , 

wl=r 
and the infinitesimal straight line for Laplace integrals has been 


replaced by an infinitesimal circle. 
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The first reasonably general theorem dealing with a problem 
of this type is, as far as we are aware, due to E.W. Barnes [2]. This 
result is of sufficient importance for the present thesis to reproduce 


the statement of the result, and the proof used by Barnes. 
Barnes' Lemma. 
Given the contour integral 
myer Aish: 
(1.64) Ie f (-tyP > £(t) exp(-zt)dt , 
C 
where C is the Gamma function contour, Figure 1.5, which encloses the 
origin and embraces an axis P from the origin along which Re (zt) is 
positive, if 
(A) the function f(t) admits the convergent expansion 
(1.65) f(t) = J Cc (-t)” , for |t| <2; 
n=o 
(B) the integral I is convergent; 
and (C) the complex t-plane is dissected by lines passing away from 
the poles of f(t) to infinity in a direction away from the origin, and 


the contour C does not contain or cut any of these lines; then 


oo G 
n 
(1.66) | te ———__————- ,_ as | z| > oO , 
n=o I(1- 6 - n) = 


Proof: Divide up the contour C into two parts L and M. L lies 
wholly within the circle of convergence of £(t)}. spd,.on. LL; |z | ek ee 
where £' = 2- e€ and e is a positive quantity as small as we please. 


M forms the remainder of the contour. 
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We have 
N Gk i B-1 N 
(1-67). I =.) ame oe eget er el (=t)” “{£(e) <0 7 C_(-t)"}exp(-zt)dt 
n=o I(1-8-n)z c n=o 
soko pusince tae 


where I, is the integral taken along the contour L and I, the sum 


of the integrals along the two parts of the contour M. 


In the integral 1, put zt =u and tlet L' be the transformed 


contour. The integral becomes 


i N+8 z.Nt+l1 ° hepa) 
(1.68) 3 —@—a—f (-a) [(- 9) y Cc. (-5)") exp(-u)du . 
ptace. Sad u n=n+1/ @ : 


For any assigned finite value of N, however large, 
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This series is absolutely convergent and independent of z or u. We 


may therefore say that 
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where Ry is independent of z or u, and is finite when N is 
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Consider in the next place the integral I, ; 


If the original contour cut none of the lines of dissection 


of the plane, it may be closed up as in the figure below: 


Figure 1.6. 


For, as we pass over no poles of the subject of integration, by Cauchy's 
theorem we do not alter its value. The contour integral L, can there- 


fore be replaced by 
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(1.72) ay E [£(t) - } C(-t)"] exp(-zt)dt , 
n=o 
a line integral taken from the point a along the axis P to infinity. 


If we put t=a+u/z, we get 


oo N 
exp(-az)f (a +S)* "tea +4) - | C_(-a-u/z)"Jexp(-u) du/z 
O° =O 


(1.73) 1, = S278 


2 


and the integral is taken along a line for which Re(u) is positive. 


By our original hypothesis the integral is convergent. It is 
finite for any assigned finite value of N, and when |z| is very large 
it tends to a finite limit. Hence |Z, | tends exponentially to zero 


with 1/|z]|. 


Therefore for all finite values of N however large we may 
take |z| so large that 
a 8+n -B-N-1 
(1.74) |I - ‘y C_/z T(l - 8 - n)| = O(z ), as |z| ro. 
n=o 


This completes the proof of the lemma. 


It is of historical interest to note that the essence of Watson's 
Lemma which first appeared in 1918 is actually contained in the result of 
Barnes published earlier in 1906. Indeed, by allowing P to be the 


real axis, and using the particular instance of the contour C_ shown 


below: 


Figure 1.7. 
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= 
one can, by shrinking the circular portion to zero, obtain 
CL 575) I = Se t eo f(t) exp(-zt)dt, providing Re > o. 
fe) 
From the identity I(1- 8 - n) [(n + 8) = rea m/sin (78), the result 


ise) 


(1.76) J ee f(t) exp(-zt)dt ~ ) Sa ss Co r(ntg)z~ 62t8) | as |z| + 2 
re) n=o 


and larg z| a 4, follows. A minor difficulty appears when 8 is 


a positive integer. 


The use of the loop path of integration allows Barnes to 
consider the possibility Re8 < o, a situation that makes the integral 
(1.76), used by Watson, to be divergent. At the same time, the expansion 
(1.65) seems more restrictive than the one used by Watson in (1.12). 
However, a detailed study of the proof used by Barnes shows that it is 
possible, with very minor modifications, to obtain a far more general 
result than the one proposed by Watson. It would seem that this latter 
result is misnamed in mathematical literature, and might well be called 


Barnes' Lemma. 


Until fairly recently, it was not considered necessary to 
discuss problems of this type for more than one singularity. The 


reasons for this point of view are two-fold. Even though it was well 


known that the inversion of 
(1372) o(t) =w 


might produce more than one singularity, it was envisaged that the 


singularities, say w= Oa erOh gst Sy were distinct and of finite affix. 
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If the deformation of [' could be made to take the form of a loop about 
one and only one singularity, then the existence of the others would be 
irrelevant as far as required asymptotic behavior was concerned. Even 

if this could not be done, the fact that one could order the singularities 
according to. Re ag < Re a, < Re a> < *** would imply that one and 

only one of these singularities need be considered. Suppose, for example, 
the situation is as illustrated below, whereby a translation has been 


used to make ag = 0. 
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Figure 1.8. 
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Figure 1.9. 


One could of course envisage making an asymptotic evaluation 
involving each loop around a singularity separately and then adding the 
results together. In some instances the loops would only have the point 
at infinity as a point in common, and in the case of the finite paths 
between loops the contribution would be exponentially small. However, 
even this would not be necessary unless, say, Re a, = 0, for certain 
values of i. Normally the contribution of all parts of the path of 
integration contained entirely within Rew > o are exponentially small, 


and, at least to this order, only one singularity need be taken into 


account. 


More recently, however, the point of view has changed, and 
problems are being considered in which the singularities rans By et es 
are considered as variables, and interesting situations develop when 
two or more singularities begin to approach each other, and in the limit 


may coalesce. Further if the positions of the singularities are 


sotjsulave otiotqmyes os gntsiea ogoatvns setuco to blyos ec 
aft gatbbs asd bas ene ae & bavexe gool dew; 
niog odd eved yino biyow aqool nate esonsjent omoe al -rodtaoge2. 
adisq edimtt of to sess ond ak bas omnes at antog 6 vce | 
tevewoH .Lisme ethesemanias os biuew nottudizaa09 ons aqool § et : 
otesx59 rot ,.0 = fo aA 6. vee resin yresseons 24 om bluow etd move q 
to dieq od3 to attsq iis Yo nokiundt xno ofa cgitaaieal oe to saute, 
Iiame ylistinenogxs ors 0 < wall nidakw vlextans oe 7 
ojnt cadiei od besn ywirsiugnte sao ylao tebi0 aida of: [ 38 + 


, 7 i - 


mS _ 
ia 
. 


él 
—— 


bos .bagusdo ead wey 30 ie ela a ati oo 
{+++ . 18 98} astaiyslugate ody | 
ynereueenenter: ‘tae : one 2 S108 10 6 


4 ae 
oe 


) % eae : lis hai a ce ™ ak k “ 


ey ee 


variable, it will not normally be possible to order them in a meaningful 


way like Re ap < Re a; < ***. Sometimes parameters become involved 


as in 
(1.78) F(Z,01,025°**,0,) = [| £(t,a,,09,°**,a _) exp(-z $(t,a,,09,°°*,0_))dt , 
T = mm 


and the inversion problem involves the solution of 
(1.79) O(t,01,02,°°*,0 ) =w. 


An extremely difficult problem is now envisaged if one seeks asymptotic 
expansions in z which are uniform in the a's. However, the present 
thesis will be devoted to the classical situation. Thus our discussion 


will center on a determination of the asymptotic behavior of 


(1.80) F(z,r) = J f(t) exp(-zt)dt , 
iy 


r 

where A is the infinitesimal interval O< t <r, or the 
infinitesimal circle |t| = r. This implies of course that generaliza- 
tions of Watson's Lemma are almost entirely obtained by considering 


several different forms of singularity which f(t) is allowed to possess 
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CHAPTER II 


Asymptotic Expansions 


In Chapter I, it was indicated that it might be desirable to 
generalize the Poincaré framework in which asymptotic information can be 
discussed. Schmidt [18], Erdélyi [8], Erdélyi and Wyman [12], and 
others have developed or applied extremely general frameworks for this 
purpose. Although valuable, the definitions and concepts contained in 
the papers mentioned above are more general than is required to fulfil 
the purpose of the present thesis. These definitions and concepts will 
therefore be stated in a simpler form which is more appropriate for the 


present thesis. 


Let F(z) and G(z) be two functions defined on a point set 
R in the complex z-plane, and let Zo be a limit point of R, possibly 
the point at infinity, (Zz, itself may but need not belong to R). If 
Zz, is a finite point, a neighborhood U(z., 6) .of Zo will be the set 
of all points z such that. z eR and |z - Z| a Zo is the 
point at infinity, a neighborhood U(z.; op Magers Zo will be the set of 
all points z such that zeR and |z| > 6 > o. Although all functions 
of z must be defined for the points belonging to some neighborhood 
U(z., 5), they need not necessarily be defined for all points of Rk. 
Similarly the validity of statements or theorems is restricted to some 
neighborhood, and validity is not required for all points of R. Once 


the point set R is used to define the neighborhood system, it recedes 
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into the background, and is seldom, if ever, used for any other purpose. 


This neighborhood system introduces a topology, and the Landau 
order symbols mentioned in the previous chapter will now have the 


following meanings: 


1. F(z) = 0(G(z)), as z> 2,» means that there exist a fixed constant 
K and a neighborhood U(z); 6) such that |F| < K|G| for every 
zeuU. 

2. F(z) = o(G(z)), as 2> Zj» means that for every choice of a fixed 
€ > 0, there exists a neighborhood U(z), 6) such that |F| < e|Gc| 


for every ze U. 


Throughout this thesis, the symbol I will stand for one of two 
sets of integers. It may represent the finite set of integers {0,1,2,°+-,M}, 
or it may represent the infinite set of integers {0,1,2,-**+}. When 


convenient, summations of the form 


M 
(2:1) astey ) ft (a), I finite 
nel n=o 
or 
eg eRe I infinite 
n=o ™ 
will be written as 
(2.2) ) £,(2). 


When I is infinite the series may be formal and need not converge. 


Definition 2.1. A sequence of functions { (z)}, nel, is called an 


asymptotic sequence if 
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(2.3) 7+] OCLI®, “ad er z's 


as long as n and n+1 are fixed and both belong to I. Throughout 
the notation to (2)} will be used to denote an asymptotic sequence, 
and when ambiguity must be avoided the limit point Zo will in some way 
be specified. 


Definition 2.2. The series } £ (2) = ) £62) is called an asymptotic 
nel 


expansion of a function F(z) if, for every fixed integer Ne A 
N 
(224) F(z) = BS. f (2) + o(4.), a i 


The notation 


¢2..53) F(z) ~ } £ (2), {ot as z>Z, 


is used to denote that ) £62) is an asymptotic expansion of F(z). 


When f 62) 7a (2), a, a fixed complex number, for every 
neHI, then the expansion is said to be of Poincaré's type. Furthermore, 
r 
if the expansion is of this type, and (2) = (Z(z)) a : da a fixed 


complex number, the expansion is said to be of power series form. 


An asymptotic sequence to (2)3 may be used to divide the 
class of complex functions defined for some neighborhood of a limit 
point Zo into equivalence classes. A concept of asymptotic equality 


is introduced in Definition 2.3. 


Definition 2.3. Two functions F(z) and G(z) defined on some neighbor- 


hood U(z,, 6) are said to be asymptotically equal, written 
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(2.6) F(z) © G(z), {¢ } ee ae 
if 
Ceur) F(z) = G(z) + o(¢ ) : ccna a a 


for every fixed integer ne I. 


Two functions having the same asymptotic expansion are 


asymptotically equal, and the converse is true. 


Even this degree of generality is not sufficient to describe 
the asymptotic behavior of many of the known functions of mathematics. 
The form 
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as z+ z_, where Nj, No, °*° are arbitrary fixed integers chosen from 
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I}, Ip, ***, respectively, must often be used to give asymptotic 


information for many of the higher transcendental functions. 


For the results to be obtained in this thesis, an asymptotic 
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(2.10) (2) = (log z) ee, 


where {ut and {A}, nell, are sequences of fixed complex numbers, 
plays an important role. The limit point z, may be the point at 


infinity, |z, | = s, OF the origin, ae O. In either case 
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(2411) bation = (log z) ™ PP aie aes 


does not imply $.., = 0(¢,), as |z| + or |z| +o, unless further 
restrictions on {yu} or {Ad_} are stated. In particular {¢ } is an 
n n n 


asymptotic sequence if lz, | =o and 
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Similarly, corresponding conditions can be stated whereby {o 3 


becomes an asymptotic sequence if the limit point is the origin. 
Since 
(2.14) z” (log 2y8 exp (- e|z|°) = o(¢ ), as <g'>->, every fixed u “in I, 


for any fixed complex numbers a and 8, and any positive real numbers 
e and 6, it will be true that terms which are exponentially small in 


|z| can be replaced by zero in an asymptotic expansion. Similarly 
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(which will be true if Rea > Re da for every fixed n in I), will 


imply 
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(2.16) (log z)" z° #0; {o t; as |z| +o, 
It is interesting to note that the condition Re dtl > Re x 
n 
does not imply lim Re e = ©, Hence (2.16) may, in some instances, 


n> © 
allow terms to be dropped which are not exponentially small. 


In the present thesis, when the limit point zy, is the point 


at infinity, R will be defined to be the sector 
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where y is some fixed real number. In some circumstances, (2.17) is 


equivalent to 


(2018) as +A- y < arg z 23S A-y, 


and in all cases R is equivalent to 
(2.19) Or av ee a a ary te Hy a 
for some fixed integer k. 


As mentioned at the beginning of Chapter II, the definitions 
and concepts that have now been stated are just simpler forms of more 
general definitions and concepts given in [18], [8] and [12], and our 
statements are just paraphrases of the statements in their papers. AI1l 


of the properties that have been proved in the above mentioned papers 


een a 1p a ee pane | 

alee i ae 

jb OH < pygh 98 mss oh sta hn weit aba | 
_soonszent smoe at ,vem (Ol, Sade oo fot aE ven & . 


tiem ylletssenogxe sa, hg. oho ee: a6 2 anne: 3 wots 


ae ae a 
oon a idee a 
tutoq of3 et 5 gakoq dimit ada pathw eiads “sooner ; 

) xoaea ona sd od benkteb od Liew 


zwre + one mn 


es 


Ps 
“s 
et (1.8) ,.esomstemmotto omoe al \.1sdmus Leex bexit oman a ex ‘ 
My o3 ans ; a 4 


y 7 = < 


» 


L 


- -~A + -. 

y- he fared cana 

os auelasanpe st amano &0 

oper anmae astm 


<imen en ae 
anolatakiob ong «II xagad) ait te 


oxém 30 emo} xolamte, 28ut 
two bre . [Sf] bas silat sai 


= a 


i wal 


oe 3S 


for these more general forms of asymptotic expansions will of course 


apply to the forms stated in the present chapter. 


CHAPTER III 
Branch-Point Singularities 


The use of Watson's Lemma to determine, under certain conditions, 


an asymptotic expansion of a function F(z) defined by a Laplace integral, 


(3.1) F(z) = { £(t) exp(-zt)dt , 

O 
is one of the more important tools that have been designed to obtain the 
asymptotic behavior of functions of a complex variable. In spite of 
this, there do exist important generalizations of Watson's result which 


do not change the branch-point nature of the singularity that f(t) is 


assumed to have at t =o. 


Among the generalizations which are more or less obvious, it 
might be noted that the requirement of a straight line path of inte- 


gration can be relaxed in certain circumstances. Consider 
(3.2) F(z) = [{ £(t) exp(-zt)dt , 
r 


where [I is a continuous curve beginning at t =A and ending at 
t = B. It will be assumed that t =A is a point of fixed finite affix, 


and that t = B need not satisfy such a restriction. 
If C is the closed contour shown in Figure 3.1, then 
(3.3) { f(t) exp(-zt)dt = 2ni E , 
C 


where E is the sum of the residues of f(t) at the poles of f(t) 
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contained within C, providing f(t) is continuous within and on C 


Fipure thak. 


and regular, except for a finite number of poles, within C. This would 
mean 
B 
(3.4) J f(t) exp(-zt)dt = J f(t) exp(-zt)dt - 2ni1 E , 
r A 
and analogous expressions can be obtained if the straight line AB 
happens to intersect [T, or if [I happens to be completely below AB. 


If the poles of £(t) within C occur at t = as» fe 15 2e0%1k. seand 


the poles are respectively of order m, then 
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course that the asymptotic behavior of E is completely known, and, 


B 
therefore, the asymptotic behavior of i f(t) exp(-zt)dt will, in 
A 


turn, determine the asymptotic behavior of J f(t) exp(-zt)dt. 
i 


The substitution t' =t-A_ gives 


5S E 
(827) J f(t) exp(-zt)dt = exp(-zA) J f(t + A) exp(-zt)dt, T=B- A, 
A fe) 


and in (3.7) the path of integration is the straight line joining t =o 


to t =T, where T may or may not be the point at infinity. 


It is of interest to note that the exponential nature of the 


B 
terms in E and J f(t) exp(-zt)dt will imply, as z->© in certain 
A 
B 
sectors of the plane, that f f(t) exp(-zt)dt is exponentially small 
A 


with respect to one or more terms of E, and the converse will also 

be true, as z-> oe in other sectors. In either case, a rather simple 

expression for the asymptotic behavior of f f(t) exp(-zt)dt might exist. 
fr 


If z2-+> oe in an unrestricted manner, the implied simplification, obtained 


by dropping exponentially small terms, will not exist. 


Within the restrictions placed on f(t) by the use of Cauchy's 
Residue Theorem, the straight line path of Laplace integrals may be 
considered as a canonical path of integration. For this reason, it now 
becomes possible to return to the more detailed discussion of the 
asymptotic behavior of a function F(z) defined by 
if 


(3.8) F(z) = { £(t) exp(-zt)dt , 
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where T= |T| exp(iy) #0 is a fixed, finite or infinite point, and 


the path of integration is the straight line joining t=o0 to t#T. 


In order to generalize Watson's result, two asymptotic 
sequences {$ (2)} and {py (t)} are defined in the following way. As 
before, I stands for the finite or infinite set of integers given in 
Chapter II. It will be assumed that {hts neHI, is a sequence of 


fixed, complex numbers, for which 


(3.9) Re Ant] 7 Re hw for every n, providing n and ntl are 


both members of I. 


This condition ensures that 
(3.10) {o (2) = 2 ca 


is an asymptotic sequence as z+, and arg z is unrestricted. The 
same is true for the sequence 
A_—1 


ech) ) vot) =t” », as t+ 6, and arg*t is unrestricted. 


One must of course assume suitable cuts in the z and t-planes to make 
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Proof: The general properties of Laplace integrals ensure that F(z) 
exists as long as Re(z exp(iy)) > Re(z. exp(iy)). Furthermore, for 
any arbitrary fixed choice of t =c = |c| exp(iy), O< |c| < |T|, it 
is true that 
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where the path of integration is shown below. 


Figure 3.2. 


The form of proof that will be used requires that the circle 
| z| =r be deformed into a smaller circle, if necessary, and therefore 


regularity of f(t) is required within the region shown below. 
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Generalized Barnes' Lemma. 
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Consider F(z) = cial f(t) exp(-zt)dt, where the path of 
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integration is illustrated in Figure 3.2. If: 
(i) F(z) exists for some fixed z=2 ; 

(ii) £(t) is regular within, and continuous on the boundary of, the 
shaded cut annulus of Figure 3.3, where the outer circle is of 
fixed radius, and the inner circle |z| = c #0 may be chosen 
to be fixed and arbitrarily small; 
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The function f(t) has the same properties of regularity 
possessed by f(t), and in addition 
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Generalizations of Watson's Lemma can be found in the book of 
Jeffrey's and Jeffrey's [13], Erdélyi [9], Wyman [22], and many others. 
Almost all of the ideas found in the work of these authors have been 
brought together to form the basis of the generalization of Watson's 
Lemma given in the present chapter. As mentioned previously, the work 
of Barnes seems to be relatively unknown, and consequently generalizations 
of his result, as far as we are aware, do not seem to have been attempted. 
In one essential feature the proof that was given for the generalized 


Barnes’ Lemma followed a pattern given by Perron [17]. 
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exists are well known. It is easily seen that the problem of deter- 
mining the behavior of f(t) as t+ * is the same problem that is 
being considered in the present chapter. The determination of the 
behavior of f(t) as t+ ot presents, however, a difficult problem. 
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then the behavior as t +o would be established. Although we shall 
not pursue this problem further, it does seem worth while to investi- 
gate the theorems converse to those given in the present chapter, with 
the distinct possibility existing that all than can be said, concerning 
branch-point singularities of the type used in the present chapter, has 


been said, and no further generalizations are possible. 


Watson's Lemma is so important in asymptotic analysis, and 
has been known for so many years, that there exist hundreds of important 
examples which can be used to illustrate the way the lemma can be used 


for specific functions. Since the function 
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plays an important role in the work of later chapters in this thesis, 
it will be used to illustrate the techniques developed in the present 


chapter. One can write 
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In some fixed neighborhood of the origin, f(t) has a convergent 


expansion of the form 
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Re 8 > -l. By using Barnes result, it is now possible to remove the 


restriction that Re 8 > -l. Consider 
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when Re 8 < -1. Using the generalized Barnes' Lemma immediately gives 
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as Zz-+o, and a, 8 may now be considered to be unrestricted. 


In the next chapter, a complete discussion of the behavior of 


u(z,B,0) as |z| + will be given. 
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CHAPTER IV 


The Asymptotic Behavior of uz hyena) 


As far as we are aware, the asymptotic behavior of the 


oe 


(4.1) u(z, B, a) = f F(z, t)dt , 
O° 
where 
att , 48 
(4.2) F(z, t) =” Le (ion 1h sorte el) 


has never been fully discussed. In addition to giving some of the 
important properties of this function - [11], a rather incomplete 
discussion of the asymptotic behavior is given. Unfortunately, in 


addition to being incomplete, the partial results given are incorrect. 


In the present chapter the correct asymptotic behavior of u 
as |z| + © will be obtained. It is of passing interest to note that 
the proof that will be used to obtain the behavior of u(z, 8, a) as 
|z| +> » can also be used, with a minor modification, to obtain the 
asymptotic behavior of uw as z-2+0O, a result that was obtained in 
the previous chapter, and, in fact, is well known [11], p. 219. When 
this behavior becomes known, a significant generalization of Watson's 


lemma will be obtained. 


Besides the theorem of Barnes which we stated in Chapter I, 
many other asymptotic results of major importance are obtained in the 


paper [2]. From a very broad point of view, the pattern of the present 
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chapter will follow the pattern set by Barnes. However, the details 
of proof will differ so significantly from those used by Barnes that 


no detailed use will be made of his work. 


The paper mentioned above obtains the complete asymptotic 


behavior of a function defined by 
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(4.3) G.(z, 0) = } 


B > 
n=o n!(n + a) 


a function that is not the same as u(z, 8, a). However, their asymptotic 


behaviors are closely related. 


In [11], p. 222, the Laplace transformation of u(z, 8, a) 


is given by 


foe) 


(4.4) { u(z, 8, a) exp(-sz)dz = si (les s 
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with Rea»>-l and Res > 1. The usual inversion formula gives 
a1 ctic 
(4.5) u(z, 8B, a) = (271) J H exp(sz)ds , 
c-icx 


where H = ke were Shi ot and c is any arbitrary real number in 


ec > 1. In (4.5), z is real and positive. 


It is possible to use Cauchy's theorem to deform the path of 
integration in a variety of ways. The symbol L will be used as a 
generic symbol to denote paths of integration that begin and end at the 
point at infinity with the direction of approach to infinity being 


restricted to the second and third quadrants of the complex s-plane. 
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The contour L must loop aroung the origin in a counter-clockwise 
direction so that both s =o and s=1 are contained within the 
region bounded by L, and the contour must not cross any cuts placed 
in the s-plane in order to make a elon ee a single-valued 
function of s. The main purpose of the deformation is to find an 
integral representation of u(z, 8, a) in which the restriction 

Re a > -l1 can be removed, and the requirement that z be real and 
positive may be relaxed. An appeal to the principle of analytic 
continuation allows one to identify the function of (4.5) with the 


function defined when the path of integration becomes L. 


Suppose that sz is replaced by s, and wu is defined by a 
suitable path of integration L, then 


(4.6) u(z, B, a) = (2ni)7+ af oe clea ae exp(s)ds . 
L 


If z is now allowed to be complex, there are three possibilities that 


must be considered when choosing the contour L. 


If A denotes an arbitrarily small fixed positive number, the 
paths of integration and cuts in the s-plane will be illustrated only 


for the case 
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(4.8) - a A < arg Sot A, 


In this range arg(s/z) = arg s - arg z, and log(s/z) = log s - 
log z. Since u(z, B, a) = u(z, 8, a), no other range of arg z need be 


Soadidered. The choice of L and the cuts in the s-plane are illustrated 


below. 
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Figure 4.1. 
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Although three cases are listed, permitting the possibility that 
arg a =o allows the analysis to be accomplished in two steps. In every 
case it is necessary to discuss the asymptotic behavior of 


(4.9) F(z,8,a) = (21) { pte (log Sy PI exp(s)ds . 
Ly 


The path of integration, L,, is divided into two parts L; =A+B, 

where A is that portion of L, contained within |s| < |z\° for a fixed 
6 in 0<6< 1. Clearly as |z| +°*, A will include all of the 
circular portion of L , and part of the straight line parts of Ly}. 

Under these circumstances B will always consist of two disjoint straight 


line portions of Lj. 
Gn B, Log (=) satisfies the inequalities 


(4.10) larg) | < | log (=) | < |1og|=| | a jarg (=) | . 


Since Jarg (=) | is uniformly bounded away from zero, |Log (=) | 
is similarly uniformly bounded away from zero. Although |Log ) | 
becomes unbounded on B, it is either bounded by log |z| or by log|s|, 
depending on which is larger. An easy estimate gives, for ls| > [z|°, 
that a fixed e« > o must exist for which 


(4.11) } oe? S)7Ft exp(s)ds = O(exp(-e|z|°)) ~ 
B 


as z> ©, with a, 8 unrestricted. (Compare with the result CL e3Ly) « 


The order relation holds uniformly. 


On the part A of the path of integration, 
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(4.12) s**(1og(&)) Pt = a iilcs s - log ey ae 
-B-1 -a-l log s re=1 
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as z+, for every fixed integer N > oo. Since f sdedieg ge s)"exp(s)ds 
Ly 
exists as an absolutely convergent integral for each fixed integer n > 0, 


one must have 
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However by the same argument used to obtain (4.11) 
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A L 
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It is of passing interest to note that, with minor modification, 
the same proof can be used to prove (4.17) holds when z->o in an 
unrestricted manner, a result that was obtained in a different way in 


the previous chapter and also in [11], p. 219. 


In Figure 4.3, y will now be the portion of L3 which is 
not part of L,. It will therefore consist of the part encircling s = z, 
and the two straight lines necessary to join y to L,. If we replace 
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with y' as shown below. The radius of the circle can still be chosen 


arbitrarily in 0<R<1l. 
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If the integer N is chosen so that N - Re(8 - 1) > 0, then 
the circular part of y', for the remainder term only, can be shrunk to 
zero; leaving only straight line segments embracing the line joining 
s=o to s=l-a. By using (4.22), one obtains 
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When 8 = -m-1, m= 0,1,2,3,***, then all of the terms of 
the first series of (4.29) are zero, the second series has only a finite 


number of terms. In this case, there is no singularity at s = 1, and 
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and this exact well-known expansion adequately describes the asymptotic 


behavior of u(z,8,0) as z2>© or z-+o in an unrestricted manner. 


The case 8B =m, m= 0,1,2,°**, is also a special case in 
that the singularity at s =1 is a pole of order mt+l, and is no longer 
a branch point. The path of integration to determine iu can be broken 
into two parts, a path of the form L), and a complete circle around 
s=1, there exists a rather elegant evaluation of the integral that 
encircles s = 1, the value is of course the residue of the integral 


at this pole. 
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Figure 4,5. 
We consider 
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Mo 


Since the integral is now regular on the real axis 0<s <1, the 
integral along the straight line portions vanishes. The substitution 


-w 
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This result can be used to correct a result given in [11], 
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and the result given in (4.38) is incorrect because z”/log Zz # O29): 
for any non-negative integer N. Although it is not difficult to pick 
up the error in [11], we omit it in view of the rather simple derivation 
of the correct result for v(z,a) which one could obtain by the method 


used in the present chapter. 


In the earlier work of Barnes [2] and the later work of Watson 
[21] which we mentioned in Chapter I, the success of finding the 
asymptotic behavior of a Laplace integral J f(t)exp(zt)dt depends on 
f(t) having at most a branch-point meh apirge at t =o of the 
form t°. It is now clear from the asymptotic behavior of u(z,8,a) 
that this work can be extended to allow f(t) to have combinations of 
branch-point singularities and logarithmic singularities of the form 


t” (log t)®, The extension of this work will be given in the next 


chapter. 
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CHAPTER V 
Generalizations of Watson's Lemma 
Although the discussion of the asymptotic behavior of a 
function F(z) defined by 


co.4) F(z) = J f(t) exp(-zt)dt 
T 


will be continued in this chapter, the function f(t) will now be 
allowed to possess singularities which are of branch-point and logarithmic 


type. 
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a conjecture that is false. The series in (5.5) diverges for all finite 
values of log z. However, the weaker result 
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as |z| +, does hold under suitable conditions. 
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be used in the present chapter, the notations 
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will be used to reduce the amount of repetition. In (5.7) the path of 


integration is the straight line joining t =A to t=bB. 


For any fixed point t = c = |c| exp(iy), the following result 


holds: 
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condition Re yu > -l must be added. This result, coupled with (5.4), gives 
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as |z | * ©, where in this instance m is a non-negative integer. One 
can interpret this result in two obvious but quite different ways. It 


is true that 
Boer hia. cya, mez) ~ (log 2)” z [S.Q, m, log z); {(log z) “}] 
with the meaning that for every integer o < N <n, 
(5.12) Lloj)c ths mgta2)o@ (los z)™ - [S.Q, m, log z) + o((log Teo ue 
bar le| ole. 

It is also true that 
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where Re dtl > Re a and P fw) is a polynomial whose degree s is 
arbitrary, is an asymptotic sequence as |z | >, it becomes clear that 
the interpretation (5.13) will lead to asymptotic information which is 
more detailed in nature than that which would be obtained by using (5.11). 


The estimates of error involved are quite different in nature. Both 


points of view will be used to obtain generalizations of Watson's Lemma. 
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it will be assumed that: 


(1) t =a= |al exp(iy), |al > 0, is a fixed point in the 
complex t-plane; 

(ii) the path of integration is the straight line joining 
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(iii) S(A) is defined as in (2.17) to be the point set in the 
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o=< f roy 
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When m(n) =o for all neI, then PO) is a constant, 
and the result of Theorem 5.1 reduces to the result contained in the 


general form of Watson's Lemma given in Chapter III. 


In particular, if 
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where (A) = F'(A)/I(A). This particular result is given by D.S. Jones 


in [14], p. 439. 


It is interesting to note that Theorem 5.1 can be used to 
yield asymptotic results for Fourier integrals of the form 
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(5.32) I(z) = f £(t)exp(izt)dt, 2z real and positive, 
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where the path of integration is the portion of the real axis a< t<b. 
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Although the method of repeated integration by parts gives a 
simple derivation of an asymptotic result when it can be applied, it is 
not normally a good procedure to use for proving general theorems. The 
method places unnecessary restrictions on the integrand. Although the 
function ¢(t) = sin(vt - a) is not once differentiable at t =a, a 
complete asymptotic expansion of I(z) can easily be obtained. Theorem 
5.1 and a procedure outlined in Chapter I will be used to obtain a more 


general result than the one mentioned above. 
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Consider a function I(z) defined by 
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By taking y sufficiently small, it can be proven that (5.39) 
holds as z>+~, with z real and positive. Finally, if the conditiions 
of Cauchy's Theorem are satisfied, then (5.39) will hold when the path 
of integration is the straight line joining t =a to t =b. Froma 
purely pragmatic point of view, the result contained in (5.39) is far 
more general than the result obtained by integration by parts. In 
addition to a generalization of the integrand, Cauchy's Theorem does 
not require differentiability on the boundary. Since it does require 
regularity within the boundary, no mathematical proof has been given to 


show that one procedure is more general than the other. 
When 
(5.43) £(t) = (t-a)**(b-t)*"*4(t) log(t-a), 


and the conditions of our result are satisfied, then (5.39) reduces 


identically to the result obtained by integration by parts. 
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The function sin Yt is not even once differentiable at t = o, 


and yet the validity of the expansion given above is easily eestablished. 


Erdélyi [8] has given an elegant proof of a result from which 
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plane, and does not seem readily adapted to further generalizations. 
For this reason, a direct proof of the result given in (5.50) will be 


given. The ultimate result will be obtained by a sequence of lemmas. 


Throughout, it will be assumed that Re \’ > 0, c = |c| exp(iy), 
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where n is arbitrary when Re yp > 0, and n=o0 when Reu<o. 
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From (5.60) and 5.63), it follows that 
4 A-l -\- 
Cera L(e@,c,A, Pz) = i t (-log hs exp(-zt)dt + O0(z ° (log zy), 
a 


horegome fixed p, as 2+ @ .in* S(A). 


Turning attention to 


b 


(5.72) L(a,b,A,u.z) = f[ t* *(-1og t)4 exp(-zt)dt_, 
a 
the substitution u = zt gives 
—-r ve A~-1 U 
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behavior is quite different than one might expect. Before proceeding, 
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where A, uw are fixed complex numbers, with Re \ > o. The path of inte- 


gration is the straight line arg t = y joining t =o to te=c. 
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where 8 = Re up. The constant K is being used as a generic symbol 
whose value may change from time to time in the proof. Theorem 5.1 can 
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then 


(5.89) F(z) 
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F(z) as given in (5.84) exists for some fixed z =z ; 


A= 1 
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ac (-log t) -} is an asymptotic sequence as to, 
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that 


An 
(5.93) IRyl < elt 


(=log *t})” | *. ate ty pe fe] use ets 


Sep ot in 2S (A). 
Proof: For any fixed choice of c= lc|exp (iy) #0, no matter how small, 
c a 

(5.90) F(z) = { £(t)exp(-zt)dt + f £(t)exp(-zt)dt. 

fe) c 
From (3.13), 

Cc 
(5.91) F(z) = f £(t)exp(-zt)dt + O(exp(-s|z!)), 


such 


le bet an ata Eg 


0 * 3. es somaupee otzo2quyas ae et: G 
ic. ie obeis ; 
bexlt to esomeupse dazed 918 = aM « a 


u ' 
{" (3 gol-) 


fame wo sedtam on .o * (yt)exe| at <>) 20 cotoily bert en 


iota) tet "yee oe oa te 
a +) ond aed’ Sade 


=e AAA => 
ee | 


~ 


- 
-. 


Sig 


Hence 
N 
(5.94) F(z) = } a, L(o,c,A ,u yz) + ry + O(exn(-s|z|)), 


140 


as 92> @ sin’ 'SUA) F* and 


c pe | u 
(5.95) Jnl ce f Jt ™ (20g t) § exp(-2t)de| 
fe) 
= om lz Nctog “| 
by Lemma 5.4. 
Since 
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as z>o in S(A). 


This result is a simplification of a result due to Erdélyi [8]. 
It should be pointed out that condition (ii) of Theorem 5.2 is stated in 
a manner different from that given in Erdélyi [8] in order to clarify a 


possible ambiguity in the statement of the Erdelyi result. If 
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There is no real quarrel with the statement of the Erdélyi 
result which uses (5.100) instead of condition (ii) of Theorem 5.3. It 
is simply a matter of clarification of what (5.100) means that has 


suggested the alternative form of the condition. 
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first term of (iii) gives the complete asymptotic expansion of F(z). 
This is a somewhat surprising result because the situation when the We 
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will have exactly the same asymptotic expansion, for any fixed complex 
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concerned. It is therefore natural to ask whether such a generalization 
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not non-negative integers. It is possible, for example, to ask for 
conditions on f(t) in 

a 
(5.113) F(z) = { £(t) exp(-zt)dt 

° 


which will ensure that 


n Pa aan Pn 
(5.114) F(z) ~ ) a2 (log z) ; {z (log z) } 
nel 


where Re A > Re X}_, whenever n and ntl are in I, and u is 
n+1 n n 

an arbitrary complex number. This would then be a generalization of 

Watson's Lemma, with the result of this Lemma being obtained when 

u. =o. In order to answer this question, we shall digress to discuss 


n 
briefly the function u(t,8,0) of Chapter IV. This function has the 


asymptotic expansion 


co (8+1) ‘ 
(5.115) u(t,B.a) ~ t°(-log ee ) (-1)" ka u(1,-n-1,a) (-log t)™™: 
n=O 


{ (-log ron act 8 fe as t>o. 


| hijeviqiotetateeel ee 


xslqmod bext? yas 10t ,sobensqxe ems eld x 


bas ,esatxe apgeaey it 08. rt 


RP al 7 


Reeds 


0 < * sf .8 gia = 3 gis shite o* 3 ae a 


~asiq Isivisa edt 99 boouber at (ost Q mio? inthe ofa 
s reanol om et tfvest od3 tad3 se9lo ak 3t aodt est ) th 
af mrs2 jexli of es 183 o2 at JqsoKs Bmmet-e 

oljsstisisneg 8 dove sestanili aes of faqwiaa oxotexeds ak 38, 
exe dotnw esulav sdsd nso G gol~) to etewog oda dotdy ot 20h 
102 ates o2 eames 10% — ai 31 ‘omptnt arses a 


—— | ab @)8 no nota tbm 
‘a ‘ora? a “is a oh te 


3b(33-) qxe. (3 4 - Ceo%s ; veayusd rerodne @ 
emia 9:9 ‘a cvepaana: ye) 


‘3sd2 evens 
ay ma. @ , x i 18: @ reg nie 
in 


| 
. 7 @ aot)" 3} 21 


et 4 hice I. ater In, per cram ca 


a 


= 00e 


Further. 

n a 
(5.116) aC Mariya) eee ree 4, 

dot T (a+1) ce. 
This gives 

a -B=-1 
_= (-log t) ai .. 
(5.117) u(t,8,a) TCaFL) [1 + eras as to. 
Hence 
bn Le 
oi) ae Wee a) Re A i 

C37118) uct, a 1, 1) ra.) [1 + CTS D1, as to. 


A_=1 Hy 
The sequences {u(t,-y -1,A -1)} and {t ™ (-log t) ") as t+o and 


-) u 
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conditions on fr} and {ui}. It is assumed that such conditions are 
met, and all three are asymptotic sequences. In such a situation one 
can study functions f(t) which have asymptotic expansions of the form 
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Although these formulae give an explicit determination of 
these constants, the formulae are not useful in specific determinations. 
The problem of determining conditions on f(t) for which (5.120) is 
valid is interesting, but is not a problem which will be considered in 


this thesis. 


Theorem 5.4. 
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(i) F(z) = f(t) exp(-zt)dt, a = jalexp(iy), 
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exists for some fixed z= Za . 
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(44) {t 7 (-Log t) "} 4s an asymptotic sequence as to, 
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Proof: For any fixed choice of c= |c|exp (iy) #o, it is true that 


(5.123) F(z) 


c a 
J f(t)exp(-zt)dt + hi f(t)exp(-zt)dt 
° c 


c 
[ £(t)exp(-zt)dt + O(exp(-é|z|)), 


for some fixed 6 > o, ‘as'.z2+> © in” S(A).” From (111). it follows 


that for any fixed integer Ne I, 


N 
(5.124) f(t) = a a u(t,-ui-1,rA -1) +R, 


n 

where for every ec > 0. there will exist a number |c]|_ such that 
Ayot Uy 

(6.125) IRy! Sues) t (-log t) |, providing |t]! < |c|. 


Since the choice of c in (5.123) is arbitrary, there is no loss of 
generality in identifying [|c| in (5.123) with that in (5.125), and 


assuming |c| is small if so desired. These results give 


N c 
(5.126) F(z) = } a, J exp(-zt)u(t,-u-1,A -l)dt + r, 

n=o O 

~ O(exp(-é|z|)). as z>o in S(A), 
where 
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(5.129) J u(t,-u -1,A -1)exp(-zt)dt = J u(t,-y -1,A -1)exp(-zt)dt 
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+ O(exp(-é|z|)). 


for some fixed 6 > 0, as z+ in S(A). Hence 


oe -Ar u 
(5.130) J w(t.-u -1,A -Lexp(-zt)dt = 2 "(log z) ™ 


coupled with the results above gives 
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(5.131) F(z) = } a z "(log z) "+ o(z 
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N (log z) ye 


as z+>o in S(A), and the order relation is independent of z. 


This of course proves 
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(5.133) u(t,-m,a) = (-1) — fetariy p 
A_=-1 
: E 2 

(5.134) u(t,-1,A -1) = TO) 


This result shows that es will yield Watson's Lemma, 
and Theorem 5.3 is a true generalization of this latter result. In 


Theorem 5.4, Wy is an arbitrary fixed complex number. 
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whenever n and n+l are members of I lead to a result that one 
might reasonably expect to hold. In this instance 
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Under the stated conditions, the ratio z He eee 
bounded as z>o. In (5.136), this will mean that none of the terms 
in (5.136) become ~ 0 with respect to an asymptotic sequence composed 
of powers of (log ajar; It is possible to regroup the terms of (5.136) 
so that F(z) will exhibit an asymptotic expansion of the form 
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r mai 
ere yp) F(z) ~ z oi b Cz) Clog ry yaar fClogp 2) “}), 


uniformly, as z+ ° in S(A), where the b (2) are all bounded 
as z-+o in S(A), and the sequence of fixed complex numbers por? 
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of bf) can be obtained, it is of such complexity that it is hardly 
worth while stating the formulae involved. In the situation just 
described, every term of the expansion of f(t) contributes to the 
asymptotic expansion of F(z). This is merely in keeping with what 
might be expected from an examination of the conditions and result given 


in Watson's Lemma. 


As an illustration of this form of asymptotic expansion, the 

function F(z) defined by 
Saleen Seal 3 
(5.138) Gate Ae ee ee EE a Re } > 0 
fe) (1 - log tt 

will be considered. The general procedures of the present chapter may 
be used in two different ways. The function (1 - log ie has the 
convergent expansion 


(5.139) {i=iiogvty =.) Bs, (tec ty, 
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providing |t| < eon} The conditions of Theorem 5,3 are then trivially 


satisfied and 
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uniformly, as z>- in S(A). Regrouping terms will then give 


(5.142) F(z) ~ = tLlos z) *[ ) a_(log Gla rheeti(logns) atl 


n=o 
uniformly. as z+ © in S(A), where 


n 


(5.143) a = i bbs ie, Gre eye ty) 


There does however exist a much simpler asymptotic form of 
expansion of F(z). In (5.138), replace t by et. Hence 
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(5.144) UC ea tae ag DR LIL 
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(-log t)™ 


Directly, one therefore has 
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uniformly, as z+ in S(A). Because of the Poincaré nature of these 
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The examples given in this chapter are artificial in nature, 
and were chosen to illustrate rather simply some of the ways the theorems 
in this chapter may be applied. Later in the thesis, other non-artificial 


examples will be given to show these applications in a natural setting. 
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CHAPTER VI 


Generalizations of Barnes' Lemma 


In Chapter III, integrals of the form 


i (ot+) 
(6.1) Le ere f(t)exp(-zt)dt 
T 


have been encountered, where the path of integration is the loop illus- 


trated below. 


' t-plane 
Figure 6.1. 


The asymptotic behavior of F(z) was obtained under the 
restriction that f(t) had only branch-point singularities. In the 
present chapter, f(t) will be allowed to possess singularities of 
logarithmic and branch-point type, and results which correspond to 


theorems of Chapter V will be obtained. 
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For F(z) defined by (6.1), it will be assumed that: 


(i) F(z) exists for some fixed z= z 3; and 

(ii) £(t) is regular within. and continuous on the boundary of, 
the shaded cut annulus of Figure 6.1, where the outer circle is of 
fixed radius, and the inner circle j|z| = c #0 may be chosen to be 


fixed and arbitrarily small. 


Differentiating the identity 


(ot) 


(6.2) 28 f (opie exp(-zt)dt = : : |are(ze*”) | <= 
27 r 2 
Ly T(l- )z 
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m times with respect to iA, vields 
(o+) * qu l 
(6.3) = (-t)*"(1og(-t))™exp(-2t)dt = —— [—=—] 
‘g wet di r(1-A)z 
Setting 
vi (ot) A-1 u 
(6.4) M(T,A,u,z) = ae (-t) (log(-t))" exp(-zt)dt, 
ut 
then (3.13) gives 
m 
d 1 
(6.5) GS RS Ch gen Nee pperceemiare ea {o } , 
Pee (1-1) 24 us 


uniformly in arg z, as z> > in S(A), where {3 may be any 


asymptotic sequence as long as (5.14) holds. 


Theorem 6.1. 


(ot) 
Consider F(z) = = J f(t)exp(-zt)dt, and suppose that 
z 


conditions (i) and (ii) hold. If, in addition, 
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A_-1 A_-1 (n) 
(444) f(t) ~ J a(t)" P (log(-t))s {(-t) * (dog(-t))™°""}. 
nel 
as t>o in -n + y < arg(-t) < y + 17, where Pw) is a polynomial 


of degree m = m(n); 


(iv) Re Ae ae Re nw for every nelI, providing n and ntl 


both in I, and for some n=k in I, Re Ay > .O% 


then 


“ir at 


5 aL sa 5s n,. ne_ m(n) 
(6.6) F(z) . a PD DIT “(l-A)2 “); {2 “(-log z) ae 
uniformly in the approach of z2+©* in S(A), where dD, & = ‘ 
n 


Proof: Let I. = {0,1,2,°**.k-1}. and define 


r - 
Po t6s 2) f(t) = £(t) - | a(-t) "  P (log(-t)). 
nel, 
Then 
(ot) (ot) A_=1 
4 i ae 
(6.8) ar f.(t)exp(-2t)dt = F(z) - cts a tf (=t) 


' P (log (-t) )exp(-et)dt. 


This result coupled with (6.5) implies 
=, (e+) 


(6.9) Fle) ~ 5 a P(D.)[P (1-A,) 8 = it i £ (t)exp(=at)dti 
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{a "(=log ny @Cn) ), 


uniformly in arg z, as 2+ in 8(A). 


As in the proof of (3.19), 
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(ot) i £ 2ni . 
(6.10) =f £, (t)exp(-zt)dt a f.(te” “)exp(-zt)dt - f £, (t)exp(-zt)dt] 
T fe) e) 


i 
2 (1, - T]. 
With an argument similar to that used in Theorem 5.1, we obtain 


-\, tim, ie eas 
(6.11) I,~-f } ap @ {raz Me leeimp-teiog. 26° 31, 


neI-I, 


where either all upper or all lower signs must be taken. The result in 
(6.11) is uniform in the approach of z+» in S(A). By adding the two 


expansions in (6.11), we have 


(ot) =, 


(6.12) al £,.(t)exp(-zt)dt ~ a a P (D){T “(1-A,)z n), 
k 


-r 
{z ™(-log aya}. 


uniformly in arg z, as z+e in S(A). The required result (6.6) now 


follows from (6.9) and (6.12). 


When m(n) =o for all neI, and, therefore, without loss 
of generality PO? = 1, the result of Theorem 6.1 becomes as that 


contained in the Generalized Barnes' Lemma. 


Consider the function M(T,d,u,z) given by (6.4). When yu is 


a non-negative integer, say wu =m, one obtains from (6.5) 
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m N 
(6.14) M(T,A,u,z) = Ask) [ } (pr *(a-ay] (tog 2) + 0( (dog z)~%)], 


Zz n=o 


as z>o in S(A). To extend this result from integral to arbitrary 


complex values of wu, an analogue of Theorem 5.2 is given below. 


Theorem 6.2. 


ibe 
(ot) 


(i) M(T,A,u,z) = ees (-t)’ 
r 


2t “1 (log (-t)) Mexp(-zt) dt; 


(ii) A, u fixed complex numbers; 


(iii) T= |T| exp(iy). |T| <1, and y a fixed real number; 


then 


(6.15) M(T,A,u,2z) ~ 2 *(-log z)"[ J (*)D™ Er *(1-a) ] (-Log z)"; {(log 2) "}] 
n=0 


as z>o in S(A). 


Proof: Let L be a generic symbol to denote paths of integration that 
begin and end at the point at infinity with the direction of approach 

to infinity being restricted to the second and third quadrants of a com- 
plex plane. Further, L loops around the origin in a counter-clockwise 


direction so that the origin is contained within the region bounded by L. 


We first consider y # 7, in which case we have, in view of 


(3,13), 


fg? dns dod u = 

(6.16) M(T,A,u,z) * a f (-t)” “(Clog(-t))"exp(-zt)dt: {(log z) “} , 
iy 

2ce 


as z>o in S(A/2). Im (6.16), let zt = (-s). By Cauchy's theorem, 
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the integral becomes 


A-1 
(6.17) .. M(T, A\eua zee ran if) (log =)"exp(s) ds/z: {(log z) "}, 


as z+>o in S(A/2). The path of integration and the cuts in the 


s-plane are illustrated below. 


s-plane 


Figure 6.2. 


For z restricted to S(A/2) and s confined to the path of 


integration L, arg(s/z) = arg s - arg z, hence (gay = Aye . ae 
Therefore 

Ce rA-1 ;, s," -n 
(6.18) M(P4.0,2)-8 > J s (log =) exp(s)ds: {(log z) }, 

2ni L Zz 


as z>o in S(A/2). Since the last integral in (6.18) is of the form 


(4.9), we have from (4.16), 
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(6.19) M(T,A,u,z) ~ z*(=1og 2 ieleaS (") D®[r-*(1-a) ] (-1og ah Giieh Cae 2) }}, 
n=o 


as z>e in S(A/2), hence also as z>© in S(A). 


We next consider y = 7. By the obvious substitution, 


l (ot+) a rA-1 
(6.20) M(T,A,u,Zz) = 7 j ) 


s u 

(log =) exp(s)ds/z. 
z 

Tz 


Restricting z to be real and negative, we have 


-A (o+) u 
cae * u hes y 2 lapel ol | 
ho, 2a) ) MCT, AU. ma PTT (-log z) Lp Ss (1 tan =) exp(s)ds. 


Furthermore, by analytic continuation, (6.21) must hold for all values 
of z in S(A). From here on the proof follows closely that of (4.16) 


and need not be given in full. 


Returning to the consideration of the asymptotic behavior of 


ek Oe) 
(6.22) F(z) =5- J — £(t)exp(-zt)de, 
T 


f(t) be allowed to have combinations of singularities of the form 
(-t)*(1og(-t))°, with a and 8 both complex numbers. Before proceeding, 


a preliminary result is required, the proof of which follows from (5.85). 


Lemma 6.1. 


There exists a fixed number r > o- such that 


(ot) ot u =i 
(6.23) J = f | (-t)” “(log(-t))"exp(-zt)dt| = 0(z “(-log z)"), as z+ in S(A) 
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where i, u are fixed complex numbers, with Re A > 0. The path of 


integration is the loop which starts at t = re’ on the upper edge of 


the cut arg t = y, goes around the origin in the positive sense, and 
i 
returns to t = re’ on the lower edge of the cut. 


Theorem 6.3. 


Consider F(z) as given in (6.22). If conditions (i) and 


(ii) hold and if condition (iii) and (iv) are replaced by 


Awl We Aw 
et Petia) ce (et) © (log(-t)) 53 4f Cat) 
nel 


u 
(log(-t)) "}, 


as t>o in’ -1 + y < arg(-t) < 7 + 7; 


A -1 u 
(iv)' {(-t) ™ (log(-t)) ™} is an asymptotic sequence as t > 0, 


where {A}, {ut ne I, are both sequences of fixed complex numbers, 


with Re ae > o for some keTI; then 


n Bn 
(6.24) Fe} 9) a. M(T.X ve); fz t-log 2), 
nel 


uniformly in arg z, as z*>* in S(A). 


Proof: As before, we let 7 {0,1,2,°°°,k-1} and set 
Awl Wa 
(6.25) SBC tr) £(t)om prea, (0) Glog(-t)) ~ . 
nel, 


Integrating on both sides of (6.25) gives 


i 604) 
(6.26) F(z) = } a M(T,A 4H») are ! £, (t)exp(-zt)dt, 


nel 


and, hence, only the last integral need be considered. 
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For any fixed integer N>k, Ne I, and for any fixed 


€ > 0, we have from (iii) 


N Awl We 
(6.27) f(t) = ) Batt) Gcgi-t)) ~ +B. 
n=k 
where 
Ay Uy 
(6.28) [Ry < e|(-t) (log(-t)) “| , providing |t| < r. 
With this fixed r> 0, 
i (ot+) N i (ot) wt Hy 
(6.29) — | f (t)exp(-zt)dt = Sa = [ (-t) (log(-t)) “exp(-zt)dt + r 
21 A k oe N 
at n=k iy 
re re 
where 
i 60+) 
(6.30) ty = rou! Ry exp(-zt)dt. 
iy 
re 
This result, as before, implies 
4 (o+) N 
(6.31) oe ! £.(t)exp(-zt)dt = Le a. M(T,A UL 92) cheba Je O(exp(-6|z]|)) 


for some fixed 6>o0. 


From (6.28), 


< (o+) dy 1 Uy 
(6.32) ll ees | (-t) (log(-t)) ~ exp(-zt)dt| . 
1y 


re 
Identifying r in (6.32) with that in (6.23), we have 


=) 


N YN 
(6.33) ty = 0(z (-logez) “Ded as lecberm in S(A), 
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by Lemma 6.1. 


These results combined together give 


7 ‘“, u 
(6.34) F(z) ~ Ie a, M(T,A suz)3 fz A é1ogtape yt 


as z>o in S(A), and the result is uniform in the approach of 


z2>o0 in S(A). 


The remarks made on Theorem 5.3 apply to Theorem 6.3. That 
is to say, if Wy is not a non-negative integer then the first term of 
(iii)' gives the complete asymptotic expansion of F(z), and in case 


We tie Resi and Re u 
n Tr Tr 


+1“ Re We then every term of the expansion 


(iii)' of f(t) contributes to the asymptotic expansion of F(z). 


When the above remarks are taken into account, the result 
obtained in Theorem 6.3 is no longer a generalization of Barnes' Lemma. 
In Chapter V, a true generalization (Theorem 5.4) of Watson's Lemma 
was obtained, the proof of which is made very simply as a result of the 


identity (4.4) 


oO 


(6.35) J u(z,B,a) exp(-zt)dt = sits “ans syne ‘ 
fe) 


An identity corresponding to (6.35) is not available for the integral 


i (o+) 
(6.36) Ges i, uG-t,8,a) exp(-zt)dt , 


instead, we have the rather complicated relation 
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(o+) : 
(6.37) J u(-t,8,a)exp(-zt)dt = 2 rie etloe zZ- in) Pot 


- aa Flog zt+ mye’). 


The following result is an analogue of Theorem 5.4. Since the procedures 


of the proof are very much the same as those outlined before, we state 


the theorem without proof. 


Theorem 6.4. 


(o+) 
Consider F(z) = = J £(t)exp(-zt)dt, and suppose that 
dh 
conditions (i), (ii) and (iv)' hold. If 


=| 


A u 
(6.38) Stee). a u(-t,-u -1,rA,-1); (Ct) 7 (log(-t)) “I, 


nel 
gent +o in: —-0 + 7 < arg(-t) .< 7+ y,. -then 


<i —iX mr Wa “Th a 
(6.39) F(z) ~ } a_ (2rd) z “pe (log z - ir) -e (log z + in) 
nel 


u 
fi Bites sy 
as z2>e in S(A). The result is valid uniformly in arg z as z> 


Although the expansion (6.39) seems complicated, the result 
obtained is a true generalization of Barnes' Lemma by setting wu, fe 
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CHAPTER VII 
The Method of Darboux 


If a function F(t) is regular at t = 0, then it has a 


Maclaurin expansion of the form 


(7.1) WE) wn Eo 


which will converge within the so-called circle of convergence, say 

|t| < R. If, as Darbous [6] assumed, R is finite, then F(t) must 
have at least one singularity on the circle |t| = R. When the Maclaurin 
coefficients tO satisfy certain restrictions, Abel [1] was able to show 
the nature of the singularities which F(t) must have on the circle of 
convergence. In a sense, Darboux investigated the converse of the Abel 
result. Darboux's major contribution was to show that, under specified 
conditions, the singularities of F(t) on the circle of convergence 
acted as critical points, and the asymptotic behavior of .- as n>o 
is obtained from infinitesimal contours surrounding the critical points, 
Since the pattern of proof initiated by Darboux will be followed in some 


detail, we shall not further describe the Darboux procedure, 


We assume, as did Darboux, that F(t) has a Maclaurin expansion 
with a finite radius of convergence, and that on the circle of conver- 
gence F(t) has only a finite number of singularities, Anticipating the 
final result, it is possible to assume a canonical form in which F(t) 


has one and only one singularity on the circle of convergence, with the 
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more general result being obtained by adding the contribution of each 
singularity. Further, if the singularity occurs at t = b, then the 
substitution t = bt' locates the singularity at t' = 1. Using the 
canonical form it is therefore assumed that F(t) has a singularity at 


t = 1, and is regular within and on the contour shown below. 


Contour Gy: On 


Figure 7.1. 


By Cauchy's theorem, the Maclaurin coefficients f, of F(t) 


are given by 
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Since F(t) is regular on |t| = 1+ 6, there must exist fixed 


numbers e¢ and M_ guch that 


(7ao) | f aid F(t)dt| < M/(1 + oie < M exp(-en). 
|t |=1+6 


This will imply 


(7.4) PREAH (Sees footy as on Hm, 
|t |=1+6 e 


as long as {o (n)} is any asymptotic sequence for which 


(7.52 exp(-en) = 0; {o (n)}, as n>, 


Again anticipating the final result, it will be assumed that {o (n)} 
is such an asymptotic sequence. One can, under these circumstances, 


concentrate on the asymptotic behavior of 


(7.6) T's t+ F(e)at. 
|t-1|=6 
The substitution t = e™ gives 
ll<t) I = f F(e") exp (-nu) du, 
r 

where I is the image of the circle |t - 1] = 6 in the u-plane. Since 
Z 

the point t = 1 corresponds to u=o0, |t-1| = le" - 1| = |u| + 0‘), 


as uo, one can by the regularity of the integrand assume [I is the 
circle |u| = 6', where 6' > 0 is fixed, and may be chosen arbitrarily 


small. Hence 


(ot) 
(7.8) T=-f F(e') exp(-nu)du , 
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(o+) 
(7.9) fs a a f F(e') exp(-nu)du;' {¢ (n)}, as n>, 
é! r 


If the conditions of Theorem (6.3) hold, namely, 


ae 


A_-1 u A u 
(7.10) Fle") ~ } a (-u) ™  (log(-u)) ™;  {(-u) ™ (log(-u)) ™}, 


mel 


St vin 0 6 te Us wr. then 


: Bi H 
(ié11) ae a M(S',A su sn)3 {n ™(-Log n) aes 
mel 
as noo. 
inn(7,. 14) ; 
i (o+) A_-1 va 
(7.12) M(S',A_ un) = 5 J (-u) (log(-u)) — exp(-nu)du, 
mr eg ee) -k 
~n “(-log n) “[ } }Dv[r (1-’_ J] Glog n) "3 


{(log n)~*}, 


as n->o-, Furthermore, the specialized results obtained in Chapter VI 
when special restrictions are placed on the uw, can be translated into 
similar results for the asymptotic behavior of the Maclaurin coefficients 
f as n-> ©, However, because of difficulties which will eae con- 


sidered, the explicit results one can obtain are not as elegant as one 


might expect, and are not worth writing out in detail. 


Returning to (7.10), the substitution t = e” gives 
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A_-1 U A_-1 u 
(7.13) F(t) ~ } a (-log t) ™ (log(-log t)) ™; {(-log t) ™ (log(-log t)) ™}, 
mel 
A_-1 
ag > 1 in o< arg(t-lh4 27. At t= 1, log t) " has an 
A_=-1 


algebraic branch point singularity of the type (-(t-1)) m » and 

(log (-log t)) ™ has a logarithmic singularity of the type [log(-(t-1))] ™. 
In terms of the function F(t) an expansion of the form (7.13) is not 

a natural form, and an explicit determination of the an will be rarely 


available. A more natural form of expansion will be 


a i in m 1 en 
cee ett} ) bb (ta) flogi-(t-a))b @5 i€t-1) ~ (log(-(e-1))) ©}; 


mel 


as t>1 in o< arg(t-1) < 27. As long as one desires only one or 
two of the leading terms of the asymptotic expansion, there is no real 
difficulty, and one can determine a, and ay with a reasonable amount 
of calculation. Because the form (7.13) is not natural, any specialized 
results which one might obtain, by the process mentioned above are not 
really worth the effort to obtain them. In order to overcome this 
difficulty, it is our intention to introduce an idea used first by 


Burkholder [3], and then later used by Perron [17], and Erdelyi and 


Wyman [12]. 


Returning to (7.2), the number 6 will no longer be considered 


to be fixed, and will be chosen to be 
eG Py 6 = 
If on the circle |t| =1+ 6, F(t) satisfies 


(7-16) F(t) = O(n°), as n>-, 
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for some fixed real number s, then 


s 
(7.17) ‘ao oe ee ee ee ae 
|t|=1+6 a+ 2 
a 
= O(exp(-evn)), as n>», 
for some fixed e¢ > o. The result 
(7.18) (es Biel: wa: {¢(n)} , ae es 


|t |=1+6 


is recaptured except that the asymptotic sequence {$3 must now be 


chosen so that 
(7.19) exp(-evn) ® 0; {$ (na) } ‘ as n+. , 


Under these circumstances, the complete asymptotic behavior of the 


Maclaurin coefficients will again be determined by the asymptotic behavior 


of 
(7.20) te f ¢™* pear. 
|t-1|=6 
in 07:20), (t-1)) ds replaced. by —¢ “to obtain 
Cis2L) T= f £(t+1) exp[-(nt1) log(tt1)]dt 


|t|=6 


J exp(-(n+1)t) F(t+1) exp[-(n+1){log(t+1) - t}]dt. 
t|=6 


At this stage, it will be assumed that F(t+l) has the canonical form 


Brel k yi 
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~~ der 
(7.22) F(t+1) = (-t)*~1(10g(-t))4G(t), 


where A and yu are fixed complex numbers, and G(t) is regular at 


t =o. The factor G(t)exp[-(n+1){log(t+1)-t}] is written as 
(7Fizao G(t)exp[-(nt1) {log (t+1)-t}] 


= G(t)exp[- 4 Sty CIO Te ihaas Beis (ee =a 5 
t 


where 
(7.24) w = (ntl)t. 


The expression on the right side of (7.23) will have a convergent 


expansion of the form 


(7.25) G(t) exp[- = we (SCOR CER) =f) 
[= 


oo 
m 
= ) P wt . 
m=o 


as long as 


(7.20) wt = 0(1), as n> .®, 


The coefficients Pw are Appell polynomials whose degree does not 


exceed m. An explicit expression for Pw) is given by 


m 
pee Te + £408 (EFL) ~ tb) 
67.27) Pm = = ta [G(t) expt{- : eee oar D431 . 


Since wt = fokiieo wt = 0(1), as n+, will certainly be satisfied 
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may be taken as large as we please. For any fixed integer N>o, 


(7.25) can be written as 


(7.28) Bttlexn te = we {22 Ge) =a ey 
t 


N 


m 
= } P owt +. Ry 
m=o 


where Ry is regular at t = 0, and for which 


N+1 

(7.29) Ry = O{n ‘ thy on ee 

: K ; : 
providing |t| fees This result gives 

vn 
: m A+m-1 
C2 eal) I= ) (-1) J (-t) (log (-t))'P ((n+1)t)exp[-(n+1)t]dt 
=o jt |=6 m 
+ Ey “ 

where 
(7.31) B= J (-t)"*(log(-t))Mexp[-(n+1)t] Ry dt. 


|t|=6 


It is always possible to choose the integer N large enough so that 
Re(A+N+1) > 0, and therefore the regularity of the integrand will allow 
the replacement of the circular path of integration by two straight 
lines joining t =o to t = 6, one on the top side of the cut in the 


t-plane, and the other on the lower side of this cut. 
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Figure 7.2. 
Hence 
N+1 
(32) JE] = o(n 2 fice tog (-t)) Mexp(-(ntl)t)dt|), as n>, 
ib 


and, as before, 


u 
(7.33) pretence a eas 


; N+1 
ap on 
n 
Since 
(7.34) 5 = (oe a)” 
m , 42 
oan 
n 
is an asymptotic sequence, 
° m ; (log n)t 
(7335) Learn (= 25 I> { * 3, gaapon +7, 
m=O r Lory 
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Therefore the Maclaurin coefficients, f. of F(t) have the asymptotic 


expansion 
(7.36) Spek oi ME: Deid PEERED. BBagh it S10, 
m=0 a R+> 
2 
n 
THoG7 £35), I is given by 
2 A+m-1 U 
(7.38) I = hae (log (-t)) P ((nt1) t)exp(-(mt1)t)dt, 
t}=6 
and Jn is given by 
(7.38) a Se (aE Aosta? ((n+1)t)exp(-(n+1)t)dt. 
m 27 le|=s m 


In order to show that (7.36) is an asymptotic result worth having, the 
asymptotic behavior of Jn as n-* oe will be obtained. The Appell 


polynomials Ps (atl)t) may be written 
. Ss .s 
(7.39) P (ntl) t) = : p,(a +1} *t,. where Pg is a fixed number. 
s=o 
Hence 
Ss s 
(7.40) di ae) pi(n + 1)” M(6", Atmts, u, ntl), 
where M is given in (7.12). Hence 
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The order of the terms ‘es indicates that the result in 


(7.36) can be improved to read 


oo u 
(7.42) ee tale ‘ig Jeena). , as n+, 
m=O 


From (7.41), 


(7.43) i,~4 = ar [2 (4) (-tog(nt1))™* pv*tr7*(a-a)1; 
n =0 


: { (10g Ca+1)) 781° as n>, 


and 
Plc 1 
(7.44) Tf pe OR SPY) Cctoptetl))-” pp Deir t(-1-8)] 
Aaa arl 2 (J (Log (n nfs Ps = 


; { (log (n+1))7*}], as n+ , 
Hence, for any integer N > o 


(7.45) J, - J, = G(0) CoH as ; (2) (og (nt1))“*o¥ tr *(a-a)] 
(n+ Do, k=o 


Fa 


1 1 
+ 0 |—————__| + 0(5}] , 
fiesintiy)) m 


as n->o-, Clearly, none of the terms of J can contribute to the 
asymptotic expansion unless the infinite asymptotic expansion for a 
terminates after a finite number of terms. The same will obviously be 


true for Drie ee 1. Hence the general situation is 
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as n+, 


For the special case u a non-negative integer, a more 
accurate asymptotic expansion does exist. This is true because the 
infinite series expansions for Jn all terminate. Returning to (7.38), 
the path of integration can be replaced by the infinite loop with the 


introduction of a term that is exponentially small. Hence 


(o+) 


(7.47) J ~ ree { (epee 


2 


(log(-t))"P_((n+1) t)exp(-(nt1)t)dt 


“mo tp ((nt1) t) exp (-(nt1) t) dt 


at Es. (ot) oe 
. RG bier ® Gown *P (Ww) exp (-w) dw] . 
From (7.27), (7.47). can be written 
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eee Bega 8 (oof (wy exp fw APBD) | ao) 
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the general form of (7.48) is 


(7.49) 5 = Ree 9 ((1og (att) 
(n + 1)* 


> 


where Q,, (2) is a polynomial whose degree does not exceed u. In (7.42), 
there is therefore no need to drop any of the terms, and the more accur- 


ate expansion is worth retaining. 
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The results thus far obtained, derived for a so-called 
canonical form, allow a direct derivation of a more general result. 
Returning to (7.21), it will now be assumed 


= 


r u A u 
(7.50) F(t+1) ~ J (-t) ™ (Log(-t)) ™G (t); {(-t) ™ (log(-t)) ™}, 


mel 


as t > 0, where each G ft) is regular at t =o. Hence for each 


fixed Ne I, 


N A -1 u 
= A ab m a. m 
Cfcok) F(t+1) to (-t) (log (-t)) G ft) + Ry (t) 
where 
Ayot Ly 
kiwoe,) Ry Ct) = o((-t) (log(-t)) ©"), .as.t > 0. 


Hence, I of (7.21) becomes 


Ae ess 8 I = H F(t+1)exp[-(n+1) log (t+1) ]dt 
|t|=6 
N hat Wa 
= ) .f (-t) (log(-t)) — G (t)exp[-(nt1)log(t+1) ]dt 
m=o |t|=6 
+ f Ry (t)exp[-(nt1) log (t+1) ]dt. 
|t|=6 
As long as an integer N can be chosen so that 
(7.54) Re dy Ou, 


and R(t) is sufficiently regular in the cut neighborhood |t| < 6 
to replace the circular path of integration by the two straight line 


segments joining t =o to t = 6, above and below the cut, then 
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By 
(7.55) J Ry (t)exp[-(nt1) log (ttl) ]dt = 0 Copter) , 22° n> oF, 
t}=6 


dnob Sib 

Finally, each term of the asymptotic expansion is of the canonical form 
discussed in this chapter, and the asymptotic behavior of each term can 
be determined as n>», 


A nN 
The choice of the factor (-t) ™ rather than t™ in our 


general theorem was dictated by a desire to provide direct application 
of the Barnes' Lemma. Clearly if the natural factors in the expansion 
A 


A 
of F(t+l) have the form t ™ (log t) ™, it would be possible to write 


ikt es ee Am 
=e (-tr,- te a (-t) , and log t = log(-t) + ikn, for some 


integer k. This would imply an awkward re-expansion in order that a 

direct application of the results of this chapter be applicable to the 
r u 

factors t ™ (Log t) ". Rather than follow this course, it is 


recommended that one recast the results of the chapter using 


loryae. . 
(7.57) ft? exp(-2t)at = — 24 —__ , 
met’ (ze ~ ) T(1 = A) 


as the basic integral. For any positive integer u, one obtains by 


differentiating u times with respect to A, 


(ot) u oe a ae 
(7.58) f tT (og t)Hexp(-zt)dt = 2ni J (4) D® Er7* (aa) JD" tc Smeg Wes 


et r=0 


and the corresponding exact expression when u is a non-negative integer 
is replaced by an asymptotic expansion for all other values of u. 
Obviously everything can then be repeated to derive the analogous results 


when terms of the form eo Clos ty? are the natural factors to use in 
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the expansion of F(t+l). 


As an example to illustrate the Method of Darboux applied 


to logarithmic type singularities, the function 


(7.59) F(t) = jweG a) MEW oe aent ia): 


will be used. Although this example does little else than repeat some 

of the theory, it is being used to compare the procedure with known 
methods of finding the asymptotic behavior of Stirling numbers of the 
first kind. It will also be used to illustrate that the final form of 

an asymptotic expansion so often depends on the procedure used to develop 


the form. Writing the Maclaurin expansion of F(t) as 


(7.60) r(epse eee AM) = exp(im) , 
n=o0 
then 
Coy LS pik Ge) 3 
i201) Path) T° Oni ) ntl eco 


and as our general theorem shows 


(7.62) AG Re “= i! NS. dt, where y is the circle |t - 1| = 6, 


+ pot 
i cot) F(t + 1) 
Bog ee re at 
6 (e+ 1) 
4 (o+) . 
2 a f [log(-t)]"exp[-(n + up + 1)log(t + 1)]dt. 
6 
In applying our previous results, iA =1, G(t) = cute Merilioes ; 
fur ti1y? 


and the asymptotic expansion can be immediately obtained from (7.42). It is 
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simpler however to consider A=1, G(t) =1, and z=nt+ut+l1 
as the asymptotic variable, and the results will apply even though u 


may be a complex number. 


Writing 
(o+) 
(7.63) aS) 2b f°“ exp[-(ntut)t) [Log (-t) ]Yexp[- Swe (Ag tete) = yyae, 
6 te 


where w= (n+ u+1)t, we have seen that only the first term in the 
expansion of 


(7.64) exp[- 5 we (20 CEF) — yy 2 Fp wye™ 
iG 


m=O 


need be considered as long as u is not a non-negative integer. In 
this case 


Carte ieee lo (=(ntu+1) t) (log(-t)) "dt = M(6,1,u, (ntutl)) 
‘ n on : P kK : & stot, (NTL 


(n+u+1) 7 yup Cr Log (atu) )™ 


imp ete ie 

_ @ [log (n+y+1)]" ‘ (*) DPE (A) sin mAy 
m=0 

> {(log(nty+1))""}] 


as n-+o, The first two non-zero terms of (7.65) are given by 


inu u | ' 
(u) _ e flog (ntptl) ] duel)! d) 1 
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The Stirling numbers of the first kind s" have the 


generating function 


(7.67) [log(itt)]™ = J) oe 
with the obvious relation to the ae given above by 


(7.68) a) ul 


2 a ee 4s tto : . 
ir FP Ge ae 1)" “, when y is a non-negative integer. 


Jordan [16], page 161, gives the asymptotic result 


Li _ Crtp-1)! u-1 
(7.69) |Soeu! ie ShOe [log(ntu) + y] : 
where y = -I'(1) is Euler's constant. The two results (7.66) and 


(7.69) agree to the order in (7.66). However, the procedures of the 
present chapter allow a much deeper result to be obtained when u is 


a non-negative integer. 


From (7.42), it follows that 


> 


Chloe aye avn {Cog (ntut1))" 
(7.70) A ~ C=Tjbe a. : {= } 
oe ae 35 (ny 


where from (7.48) 


(Wee fa. t +m ‘aa an 
(7.71) ot et een on Giea(ehiy }_, (atutl) P(Atm)sin mA], _, - 
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Hence 
Agr Maes 
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(7.73) rf Ae pA cep ist8 41) sin va] 
T dd . Aa 
1 ast 
= = [ (ntut1) T(A+2) sin Tr] 24 ; 


2 
(7.74) pewort Lap 61003) Pe yer ten 
fe) Tr 2 a 
dA 
= 2(1003) ‘[1og-1003 + 7] 
and 
eck 24-4 
Ci 75) Jy ~- ong ~[(1003) T(A+2)sin td] 
1 an Az 


Prot) cb log/ 1004 = 3 ekeey]\ 


By taking these first two terms of the asymptotic expansion (7.70) the 


result obtained in a) ~ 0.01493617441 which is a reasonably accurate 


10 
approximation to the exact value of uid es = 0.01494504564. 
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CHAPTER VLII 
Examples 


Although quite general theorems have been established by 
means of which Watson's Lemma has been generalized, no pretence is made 
that necessary and sufficient conditions for the validity of the 
results have been found. This point is stressed to emphasize the fact 
that it is the pattern, not the detail, of proof which is important. 
The pattern of proof need not be abandoned in a specific example just 
because one or more of the conditions of validity of a particular 


theorem does not happen to be true. 


In the present chapter, the main ideas and concepts will be 


illustrated by specific examples. 


Example 1. An Application to a Problem taken from Aerodynamics. 


The function F(z) defined by 


oo i 
(8.1) F(z) = [ cos (zx) dx f (1 - ——————} ae z real and positive, 


fe) =-1 a 


occurs in the theory of aerodynamics. F. Tricomi [20] showed that 


(8.2) F(z) = HSS 2 Piotie CL) ye asy (2 ote 
2° 


To obtain this result, Tricomi first showed that for z> 0, 


1 
(8.3) F(z) = 2 f K(Vv1 - t2}t exp(-zt)dt, 
Oo 
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where K(k) is the complete elliptic integral of the first kind, 


and is defined by 


(8.4) Rthig=7/) (+ eee Tote: 


where F(a,b; c; z) is the hypergeometric function. Since 


A di 2 
Ree SVL toe ae, Ls 1-87) 
1 1 
(Ge 
a a ; LN fee log cle F 
n 
n=o (n!) 


(Higher Transcendental Functions, volume I, page 74), where 
i: 
(8.6) k= 2lv(ntl) - vin + 1, 


it follows that 


= @.G 2n 
(8.7) Ri keke a 8 eee oe (he logyrit 
n=o (n!) 3 
where 
(8.8) bh = y(ntl) - ¥(n + 5). 


By Theorem 5.1, 
eek 


(3.9) F(z) ~ 21) BAB 
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as z2>o in | arg z| < 7° 


Computing the first two non-zero terms, one has 


= ' j = 1 
2(ho r'(2) + log z) i 136Hy T'(4) + 6 log z) " 9 (20 z) 
22 2 i \ 7° ; 


(8.10) F(z) 


_ 2Clog 4 - 1+ y + log z) 4 1 (6 log 4 - 17 + 6y + 6 log z) 


22 2 ee, 


+ 0(=28-4) , 
Z 


as z>o in | arg 2 | < re 


This is of course a more general result than that obtained 


by Tricomi. 


By returning to (8.3), the substitution t= 1-t' gives 


1 
(8.11) exp(z)F(z) = 2 { (1-t)K(/(2=t)t) exp(-(-zt))dt , 


fe) 


where 
(8.12) (l-t)K(V/Ttye) = Z (it) FIG, Fs 1s t(2-t)) 


has a convergent Maclaurin expansion of the form 


(8.13) (1-t)k(V(2-t)t) => J at, 
n=o 
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By the usual form of Watson's Lemma, one obtains 


oo nia. 1 
(8.15) F(z) ~ 7 exp(-z) Le ay : Cat’! 


T 


Ue RS EL Bah |arg z | a ee 


In order to include the missing sectors in which arg z = ie 

lie, it is necessary to write 

= (5) ¢ 
(8.16) F(z) ~ 2f | 24 ¢(anti)th - r'(2nt2)+(2n+1)!1log z}2 (2mt?? 

n=o (n! _ 

-(2nt+ 
~ A (log £32 es )44 
co nia l 
+ 1 exp(-z)[ } Teer ee 3 
n=o (-z) Zz 


and now z+ within |arg z2| < 7. 


Example 2. Parabolic Cylinder Functions D(z). 


The function D(a) has the contour integral representation 


2 fe 


(o+) -zt - ot 


a 
2 e (-t) YT, 


I (v+1) 


(8.17) D, (2) = - nH 


co 


| arg (-t) | S. Ty 


where y is a fixed arbitrary complex number. If we differentiate 
n-times with respect to y, then 


1:3 1 ,2 
n -=>z on wy (o+) -zt -=t 
(8.18) S—p(zy=e 7 fF M)r™™M Hy = f : 


(-1og(-t))™(-t) "tat. 


t= 5 pis siscin soitienils sessilis an 
‘he sama a : 


WS)" Sis goLl (temk)+(Stus) "1 - dl (Eee) 


tS) 2 got)} 22. 


a 


ae Gg) *s ce 


= 13} 


Since the sum on the right is finite, to obtain an asymptotic expansion 


n 
for £— p (2) we need only consider the integrals 
dv 


i (o+) -zt -+ t? fh ee 
(8.19)  G (z,v) = rat | e (-log(-t)) (-t) dt. 
Let us first expand the function exp (=t7/2) into Maclaurin 
series, and hence 


oe n 
(8.20) exp(-t7/2) = ) SY (¢)", 
n=o 2 «n! 


Substituting (8.20) into (8.19) and carrying out the integration term by 


term, we have from Theorem 6.1 
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as z>o in larg z| ye A. This result coupled with (8.18) yields 
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(8.23) ci) = v(v-l) «++ (v-(2n-1)), c(y) Ce 
In particular, we have 
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Res aes se (<2) 90 Cy} 5 
(8.24) 6 4 Diets) ~ ) are ibieaes {z 2n “ 
v 2.n 
n=o n!(2z°) 


as z>e in |arg 2| £3- A. The condition for validity, 


|arg z| xfs A, A > 0, can be weakened to |arg z | <2 - A in 
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the usual way. Thus (8.22) and (8.24) hold for | arg z | <7 - A, 


Kee e Oe ands 25> , 


Example 3. 
c 
In the subsequent example an integral of the form J log(-log t) 
) 
exp(-zt)dt will appear. Although the singularity of the integrand is not 
of the type considered in this thesis, we will use the more general 


integral 


r 


c 
(8.25) F(z) = J t Baty eS t)exp(-zt)dt 
Oo 


to illustrate that the pattern of procedure established in this thesis 
will yield the asymptotic behavior of F(z) as z+. Although it is 
our hope that useful theorems have been established, it should be noted 
again that the pattern of procedure is more important than the actual 


theorems which have been established. 


TroGuecse Leeie. gesumed that Re A> co and o<:c < 1, 
Furthermore, for the sake of simplicity we restrict ourselves to real 


z and let 


(8.26) f(t) = log(-log t). 
Thus 
(8.27) Suse *) = log(log z - log u) 
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For every fixed positive integer N > 0, we have 


(8.28) log (1 - ee -- ) + Goew , o(Gew > 
n=] (log z) (log z) 

as z>®, providing 

(8.29) ma Slen t; 

or equivalently 

(8.30) os < u < =" i for some fixed 6& > o. 


Zz 


Therefore the use of the approximation (8.28) must exclude u =o. 


The substitution u = tz gives 


a: £ 
(8.31) ee Se 
Zz 2 
-2+6 -6 

Let a=z and b=z -. It can then be shown that a fixed p > o 
must exist such that 

sep -)- 
(8.32) if t f(t)exp(-zt)dt = O0(z eo? as Z2*>@™, 

fo) 
Furthermore, 

© acl 1-6 

(8.33) Jf t° “£(t)exp(-zt)dt = O(exp(-z -)), as z>7-. 

b 
Therefore 


2 A-l -\-0 
(8.34) F(z) = { t  “£(t)exp(-zt)dt + O0(z~ "), as z>@. 
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To proceed further, we recall two facts from Chapter V. 


For any integer n> oo, it is true that 


bz A-1 n (n) fs 
€3.35) J u (log u) exp(-u)du = TI 3 (A) + O(z Ny. as Z7>%, 
az 


for some fixed n> 0. Moreover, the integral 


bz 
(8.36) f in Clog a) StS) exp (-u) du 
az 


exists and is bounded as z>~», 


Returning to (8.34), we now substitute, as before, zt =u. 


The results (8.28), (8.35) and (8.36) combined together now yield 
(8.37) zF(z) = (log log z){T(A) + 0(z")} 


N 
#0) (2) dog 2) ™ (xy + OC(dog 2)**] 
n=1 


as z->+>o, This will imply 


(8.38) {2\F(z) - T(A)log log 2} ~ J (- 2) (tog 2) *r°™ (a); { (log 2)™), 
n=l 


as 2a, Se 


Example 4. An Application to Probability Theory. 


The integral I(m) is defined by 


oo 2 


(8.39) I(m) =f xe*™ (4+ 80)) 


m 
dx, 


where m is a positive integer, and 6(x) is the probability integral 


. 


2 : wir 


tos oux3 eb at .o<a 3s 

1 2 Te ‘ et iy ' 

ni) i 
ee as .C S04 4) Oy * sintentio nots A 


‘any 
; leslaine ae i 


favge2at old ,revoezo 0 <n see 
L eel lf a - a, 


2 3 : i a 
ub(u-)aas| AG wnih ol oo Cea: 


ei! 
sae a A oid) Mae 


.u = 3s svoled es ,ouitsadue wou ow | (E.8) 08 > | 
ee Tee ee 
bLaty won redt3egor hamtdmon (20.8) bre (86.8) «( 8) 2: 


ee ee 


alk 80 Fae: gol gol) | * Pr es . 


oe re a, Y ewe Agi 


tc: gonnn0 + coe a Pas ee es 
> a ; 


2 si nat 
(8.40) Q(x) =— f e du. 
x 20 
The substitution 
(8.41) Beg 237 
places (8.39) in the form 
(8.42) Ie) = vr f xe PE a 
° 


and therefore, as long as x = x(t) satisfies certain conditions, it 
can be envisaged that the methods of the present thesis will yield the 
asymptotic behavior of I(m) as m+», The function na 
monotonically increases from o to 1 in the interval -~ < x < +>, 
Similarly Pais monotonically decreases from 1 to o in the interval 
o<t<+, The inverse x = x(t) is uniquely defined, and mono- 
tonicially decreases from +” to -~ as t increases from o to ®*, 
In any closed finite interval c<t<T, ¢>o, I(m) is exponentially 
small, and if terms of this order can be neglected then we need only 
discuss the behavior of the integral in an infinitesimal interval con- 
taining t =o, and an interval t > T, where T can be taken to be 


arbitrarily large. 


The asymptotic behavior of 6(x) is known [5] as x>®, 


being given by 
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(8.44) Gtx) **fe_ (palcutatpd Sf depired..  {x79}) 
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(8.45) esa = -5_ (14 0(1)) , 


and, trivially, a constant K will exist such that |x| < Kvt, for 


i rae (mt1)t 4. 
if 


t sufficiently large. This is sufficient to show that 


is exponentially small. Hence, 
© =(mt1)t 
(8.46) tinyee {xe dt 
fe) 


where c is a fixed positive number whose value can be arbitrarily 
assigned to be as small as we wish, excluding the choice c =o. 

The asymptotic sequence involved in writing (8.46) must be such that 
terms which are exponentially small in m can be neglected. When 


t+o and|.x ++”, then for any fixed integer N> 0, 
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By a method of successive approximation, it is then easily 


established that 


(8.49) x = v-log t - log (-log t) + (ey ~) BS. 26 ee 
4v-log t -log t 


~~ * x eed oo 
$ : | q ) Je | 

xmvS | | % a 
mn ia 
10% NE > |x| suds flows jeixe iftw a ee wettatvtss “thas 7) 
ar Phu ; 

Pre a ee ee etaT eget wlansiottiue 

T we 


- <aonell. Hae eLtasnonogn & 4 


; - = gn nl atm taaena 
Thaker” o @r 


bye ah*: « wt sate Neppeion 408 
=e) ~*~ e 


ditrsrsidis od mm outlay seothe xedmius vitbiiest bextt’s er 3 8! 
09s atiedi "ey tbo tae Items @s of oF aon 

ted3 dove od deum (30.8) sins Bnew ESLSE Pay oa Iqmyes 1 
wt tase ete a Se Lisae eins MRC the lhe tite 
os i ae ye saa Shae ie g 

* ai ial hada hal : 


kis - renee 


/ st thgllela | a . ied “a ) 
a Lia maMge sieve ll ed 


- Lal = 


and additional terms may be calculated if desired. Hence 
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Hence the first two terms of an asymptotic expansion of I(m) are 


= Ynlog(m#i) ;, _ 1 Log log(ml) 5 9/1 
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(m+1) 4 (m+1) (og (m1) 2/2 (m+1) log (m+1) 


This compares with a result 


(8.55) I(m) ~ ae as m>o, 


which was obtained by Tricomi [19]. 
If one takes m= 100, (8.54) and (8.55) give respectively 


0.034577083107 


(8.56) I(100) 
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I(100) 


and the additional term seems worth having. 


Example 5. The Confluent Hypergeometric Function. 


The function represented by 
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Re a>o, Re 8 > o. Differentiating m-times with respect to a and 


s-times with respect to 8 gives the function 
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For any fixed integer N> 1, the finite form of the Maclaurin 
expansion can be used to give 
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QGe Zaher pin |arg z | <5 A. Since a (8,8) =o when 1< n<-s-l, 


the first two non-zero terms of (8.64) are 
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To obtain the behavior of F(z) as z-+©™ outside the region 


indicated above, we replace t by 1- t and obtain 


1 
(8.68) F(z) = exp(-z) f corey okt SPH RIME) )expt-(-z)e)dt. 
(@) 


d-eza2zd te he A 
Lf 0 (80) 20 


®e got)jo + (Or “i 


( (Stote)=_ 


_ 


evig emrs3 seeds , {ivi ot ae we * z a a oe 


"5 got) (etn) 4 ‘ ~ 
a, “1G ge) ir 2b" so 


% 


%(s got) ere “a q Jee - a: * 


iteto. < is gol 


ae! 2 } 
| wll pal 6 Kab 
rere Wg gol))0 + ,F ite 
: 4 ; 3 2 : 
he £2 Sorte. b) 
| . f= wate 
Ge. yb - ees ool ’ 
"ts gol) ; “. Pq] b itis 

“eh i ern 4 ee E 
ic “3y0 + itera) Or om Bes yA ee 
1 sof) oan 7 


h ee 


mmiget as sbletuo ©'+ s a8 italia 


ntssdo bas sw pies 
iy a fat age with Ory 


> We = 


The integral on the right is of the form (8.59), and hence, Theorem 


5.1 can again be used to give 
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In this sector, the first two nonzero terms of the expansion are 


as z*+o in +A < |arg z| < 1, where the a, are given by (8.5). 
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The total domain of validity of the two expansions (8.64) 
and (8,69) still does not cover the complete z-plane. There are gaps 
in the z-plane which include the positive and the negative imaginary 
axes. However, using a device outlined in Chapter I, one sees that 


the asymptotic behavior of F(z) in these gaps is described by 
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Because of the exponential factor exp(-z), the expansion (8.72) 


is valid for any values of arg z. In particular, 
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CHAPTER IX 
Conclusion 


The present thesis has confined itself to the classical 
problem of determining the asymptotic behavior of a function F(z) 


defined by 


(9.1) F(z) = J g(w) exp[-zd(w)]dw , 
r 


where [ is a continuous curve which may be finite or infinite in 
length. Although an alternative procedure was illustrated, it was 
generally true throughout the thesis that the use of the substitution 
t = ¢(w) was envisaged, and F(z) would have a canonical representa- 


tion of the form 


(9.2) F(z) = { £(t)exp(-zt)dt , 
LE. 
where 
dw 
(9.3) f(t) = g(w) ZT, > 


and [' is the image of [ in the complex t-plane. It was also 
envisaged that the so-called critical points would be found among the 
singularities of f(t), or possibly at the end points of the path of 
integration, and that the asymptotic behavior would be determined by a 
finite number of these critical points, say t = Ce ays where 


all of the complex numbers a, are fixed and finite. The first part 
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of the general pattern therefore envisages the following situation: 


t-plane 


Figure 9.1. 


hasehobes A and B are shown as if they were both finite 
points and distinct, either or both may be the point at infinity, 
and the possibility of [' being a closed curve is not excluded. In 
order for the pattern to be successful it was assumed that [I' could 
be deformed into a new contour [" in such a way that 


(9.4) f £(t)exp(-zt)dt = [ £(t)exp(-zt)dt 
ie ig 


+ 2ni (Sum of residues of f(t)exp(-zt) 
at a finite number of poles of 
f(t) contained within the closed 


curve [' +I"), 


The pattern envisages that the standard of accuracy required 


in a specific asymptotic agency is determined by some agency external 
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to the general theory of asymptotics, and that the standard of 
accuracy is obtained by the choice of a suitable asymptotic sequence 
{o (z)}. The success of the pattern of procedure then depends on 


establishing the result that 


iar 


(9.5) f £(t)exp(-zt)dt » 
me 


[ £(e)exp(-zt)dt, {¢ (z)} , 
i=l 6) ¥ 


as |z| +, where each Ys is the portion of a circle with center 


at the critical points t=a and whose radius is fixed and arbitrarily 


fe? 


small. If (9.5) can be established, then further success depends on 


the study of the asymptotic behavior of the functions F(z), defined by 


(9.6) F, (2) = J £(t)exp(-zt)dt . 
i 
Although f(t) may have a singularity at t = a, such that 


the contour Ys cannot be replaced by the two straight lines shown below, 


t-plane 


Figure 9.2. 
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the pattern does require that it is possible to write f(t) in the 


form 
>) ae f(t) = g(t) + h(t) , 


where the asymptotic behavior of J g(t)exp(-zt)dt is known, and 
ite 
a ate 
(9.8) | h(t)exp(-zt)dt = { h(t)exp(-zt)dt - f[  h(t)exp(-zt)dt 
a, 
a & 


Ya ey 


is valid. The reason for this requirement is that |exp(-zt)| is 
not normally exponentially small on the whole of the portion of a 
circle Yy> and the estimates of remainders become difficult to make 
if a result like (9.8) is not true. This procedure allows us to 


consider the integral of Watson's Lemma 


atc 
(9.9) F(z) = J f£(t)exp(-zt)dt , 
a 


where the path of integration is the straight line joining t =a 
to t =a+c, as a canonical form for the more general problem 
being considered in the present thesis. From the development, |c| # o 
may be taken to be as small as we please. If the translation 
t = t' +a is effected, the canonical form is reduced to 
Cc 
(9.10) F(z) = { £(t)exp(-zt)dt . 
Oo 
The pattern envisaged by Watson required an expansion of 


the form 
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N 
(9.11) f(t) = ) £ (t) + Ry(t) » 
n=O « 
where 
¢ 
(9.12) J Ry(t)exp(-zt)dt = o(¢.(z)), as [zl >=, 
(@) 
and thus 
(9.13) F(z) ~ } F(z); {¢.(z)}, as [zl +o, 
neL 
where 
Cc 
(9.14) F(z) = J f (t)exp(-zt)dt . 
@) 


In order to be a result worth having, the asymptotic behavior of 


FC) should be known. Indeed Watson's result included 
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fo) Oo 
~exp (iargc) 
as |z| +, and an explicit evaluation of £ (t)exp(-zt)dt 
fe) 


is known. The procedure used in the present thesis to discuss 
logarithmic singularities required a modification of this particular 
pattern. In the first instance, the exclusion of the point t =o0 
from the validity of (9.11) was required and the pattern required the 


establishment of 
B 
(9.14) F(z) # J £(t)exp(-zt)dt, 
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might now be required to be functions of z. The substitution u = zt 
gives 


a PA: Teac 
(9.15) F(z) s 2 if f(uz ~)exp(-u)du. 
AZ 


If, for the points on the path of integration, it is true that 


N 
(9.16) £(uz) = 2 ¥yC2Pq(w) + olty(zdey(u)), as lez] >, 


B 


z 
where f | >, (u) exp (-u) du| exists and is uniformly bounded in z 
OZ 


as | z | > oe, then 
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(9.17) F(z) ~2 tr vi hi(z)s fo (2H, as |2z| +2 


where 
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(9.18) h (2) = J p_ (a) exp (-u) du : 
AZ 


Again to be a result worth having, the asymptotic behavior of 

v (2b, (2) must be known. Although this particular pattern was 
introduced to give a detailed study of the situation where f(t) 

has a logarithmic singularity, it should be stressed that the pattern 
is capable of success for types of singularities other than the one 
mentioned above. It seems, therefore, worthwhile to do further 
investigation beyond the present thesis in the development of the 


pattern with respect to the other types of singularities. 
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form of integrand to a study of 


(9.19) F(z) = f h(z,t)dt , 
L 


where the narrow form of integrand used in Watson's Lemma is replaced 
by an integral of far more general form. A combination of the ideas 
in that paper with the ideas of the present thesis should produce 


results of considerable significance. 


iam aie 
iu ; 

. ral ne. 
’ 7 oe 


ea ae 


LO 


1l. 


REFERENCES 


m(m-1) 2 i" 


N.H. Abel, "Untersuchungen iiber die Reihe 1 + ax + x + eee 


1 Er? 
Journal f.d. reine u. angew. Math., Vol. 1 (1826), 311-339. 


E.W. Barnes, "The asymptotic expansion of integral functions 
defined by Taylor's series", Phil. Trans. Roy. Soc. (London), 
A206 (1906), 249-297. 


H. Burkhardt, Miinch. Akad. S. Ber., 1914, 1-11. 


E.T. Copson, "An introduction to the theory of functions of a 
complex variable", Oxford, 1935. 


E.T. Copson, "Asymptotic Expansions", Cambridge University Press, 
1965. 


G. Darboux, "Mémoire sur l'approximation des fonctions de 
trés-grands nombres, et sur une classe 6tendue de développements 


en série", J. Math. pur. et. appl., 4(1878), 6-56; 377-416. 


V.A. Ditkin and A.P. Prudnikov, "Integral transforms and operational 


calculus'', Pergamon Press, 1965. 


A. Erdélyi, "General Asymptotic Expansions of Laplace Integrals", 
Arch. Rational Mech. Anal., 7 (1961), 1-20. 


A. Erdélyi, "Asymptotic Expansions", Dover Publications, 1956. 


A. Erdélyi, “Asymptotic Expansions of Fourier Integrals with 
Logarithmic Singularities", J. Soc. Indust. Appl. Math., 
4 (1956), 38-47. 


A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, "Higher 
Transcendental Functions", Vol. 3, McGraw-Hill, New York, 
3955. 


nr, nae w ’ 


on Sy Go, Bas sn 28 eat to 


-Q2E-LLE ,(A88L) L .LoV ..d3sM .weges .v one. by? Seaawol 7 : 


anottoaus Lexgstmt 20 aotensqxs olsoagu(es ‘edt ae 


(ebaod) .902 . yo .amsxT .Lidd ,"acties a'xol DO Biast nd 
sl liege I) d0SA — 
sory yam Ye rel 2 
It-E MeL ,.208 8 -bedA ont strained ok 


£ to anolsoaut Jo yxoeda edt 04 moksouboxamt mA" ssoae? T.a ‘a 
.2€0L ,broixo "oldsisev xolquos 7 


,eeerd ytikerevinw + wiht eile ddenisemenh” <08q09_ sini’ “a 
; 4 Petia / / 7 = 
.° oe 
eb anolszonot esb cteantohaent wa ottomaMt" abies oO oo 
smaqqolsvab sb eubmsa3 saasio sav xwe t9 ,eerdwon ebasig~-aSza 
BLAHVVE: 208-8 (8081) <-Lgge «te tug .dteM JL ."ebxde ne Pa 


arotsjstsqo bis aavotansxa LargetaI" <Vooltabyx4 coe ba! atitiG AV a 
-Cd@Ll ,eeo7% nomsgxeT “auluole { a 


"elexgesal sosged to anokamagxd ottosqmyad tavaciatyt bela A 
-OS~£ .(20@L) % , Lead -dooM Lenottas town: Hf oy 


-d8@L ,enottsolidud raved ,"enobensqxd obvoagmysa ae 
pa 


dgtw efergetal vets? to ano heasqxd jcc? beat 
« A9BM .Iqgqd .tevbat .208 .L "sotstustugat2 oimiitregol : 


sedgth” ,bmootzT .2.% bas togabstedsed0 oma 
Axo walt AE AT Neen 


; ‘ie 7 ay oe a og MUP 
2 phe P Car : - 7 


- , j : : 

7 ; , | 7 = 7 _ 

- 2 7 > 7 ' a a) : eh 
arr 7 mi 


12, 


13. 


14. 


i ho 


16. 


17. 


1s. 


19. 


20. 


7S 


pA a 


- 151 - 


A. Erdélyi and M. Wyman, "The asymptotic evaluation of certain 
integrals", Arch. Rational Mech. Anal., 14(1963), 217-260. 


H. Jeffreys and B.S. Jeffreys, "Methods of mathematical physics", 
2nd ed., Cambridge, 1950. 


D.S. Jones, "The Theory of Electromagnetism", Macmillan, New York, 
1964. 


D.S. Jones and M. Kline, "Asymptotic Expansions of Multiple 
Integrals and the Method of Stationary Phase", J. Math. 
and Phys., 37 (1958), 1-28. 


C. Jordan, "The calculus of finite differences", 2nd ed., Chelsea, 
New York, 1947. 


O. Perron, "Uber die naherungsweise Berechnung von Funktionen 
grosser Zahlen", Sitzungsber. d. Bayr. Akad. d. Wissensch. 
(Miinch. Ber.) 1917, 191-219. 


H. Schmidt, "Beitrdge zu einer theorie der allgemeinen asymptotischen 
Darstellungen", Math. Ann., 113 (1936), 629-656. 


F. Tricomi, 'Determinazione del valore asintotico di un certo 
integrale", Rend. Lincei (6), 17(1933), 116-119. 


F. Tricomi, "Su di un integrale doppio presentatosi in aerodinamica", 
AttisAccad. Sci. Torino, 75(€1939), 17-25. 


G.N. Watson, "Harmonic functions associated with the parabolic 


cylinder", Proc. Lond. Math. Soc. (2), 17(1918), 116-148. 


M. Wyman, "The method of Laplace", Trans. Roy. Soc. Can., Series 4, 
Vol. 2, Sec. 3(1964), 227-256. 


atsiteo te aotisulsve olzoaqaves eff” aang Mm pail 


,O8S-TIS ,CEdCL)AL ,.Iand .dooM fenolasi .dotA ,"elexgeaat es - 


Meoteyiq isstasmediem Yo sbodden" ,eysrtist s@le Gna eys¥et 1H wat 
 .08eL ,ogbkxdmsd ..bsbaS 


fxoY wok ,apiLtaosé ¢” hemteormreinses ener: =i Renol | Ra oa, 
sae ta) + OTL ae baer 14 
s ,| Ja. 4 - 
efgisiuM to atotemeqxd otzesqmyeA” .satLt .Mobas aomot .2.d a 
“doeM .U ,“sendt yxsnoksas® 20 Borie ony bis efexgesnt © =). 9)” 
O8-£ , (822) TE y.eyMT bag 4 
<seaiedd ,.bs baS ,"asonsxettts extnt? to auiuales ofT* illest oe) (OL i 


: | TOL OF wel Ee 


aenotziaul nov gaundses98 seltowsgauiedin ‘oth aodt}" teat, +0 Re 
natal -b .BetA .ryed .b- redegaussie , “aoldss yeeacr 3 se if 
A) , av ve 7h e 
OLS-LeL - free (.398 . dont) 4 


ate wits ; 
‘SS 


doettotamyas neatemeglis 1eb stxoed? atthe us sgilzztea" (abHino® «HBL 
928-088 <(BECL) ELL cam . ddA “nope, (gee 

ode. au tb oottosntes stoLav £66 anctssaturesed” yimootaT .% .OL 
OLL-aL1 ied 2 (2) keoake -basil Racin r + 

sotmentboxes ai taortstmeassq olqqob slssgednt | av bb 92" ,tmooksT T 08 


ESTE ,(RCCLIET vombao? .t08 « pacers mia a , . 


otiedexag ada dziw betetooses 
-B8L-0L5 ,(BL@L)TI .(S) +908 det « bagi 7 a ae 


«> asive2? ..mea0 .908 .yod .emexT , his ice rere re 
« —iee pe en ee | 


roe —  abteind Pee se 
= ie am ak . ~~ 


i 4, ray | | ' 
77 | ru : >, ii 7 ic Feet 
A eC ere ey a es 


